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The reflections of transient pressure signals from hard (perfectly reflecting) finite width
plane facets have been studied theoretically and experimentally. The experiments and
theory used point sources, and sound pressures were observed in the specular direction.
Theoretical solutions used the Helmholtz-Kirchhoff integral and incident spherical waves in
the Fresnel approximation. The results of these laboratory experiments are compared to
numerical evaluations of the integrals. Applications to acoustical oceanography and to
architectural acoustics are: the specular reflection of waves from a reflecting facet on the
seafloor and the specular reflection of sound waves from sound deflectors above a
performer on a stage.
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INTRODUCTION

Most computations of waves scattered and reflected at rough interfaces use either the
incident spherical waves (usually in the Fresnel approximation) or the incident plane-wave
approximation (Fraunhofer). The reflection and scattering of waves by a finite-dimensioned
plane facet gives the problem in its elemental form. We will study the transition from the
Fraunhofer region, where the dimensions of a facet are less than the first Fresnel zone, to
the Fresnel region where the facets are larger than the first Fresnel zone. Neubauer and
Dragonette made a set of laboratory measurements of the reflections of effectively con-
tinuous wave pressures from blocks of various "hard"™ materials in water.l They got
excellent agreement between the measurements and evaluations of the HelmholtzKirchhoff
integral.

As an extension of the usual solutions for harmonic waves, we calculate the amplitudes
of transient pressures reflected from finite width plane facets. Figure 1 shows various sizes
of facets superimposed on the Fresnel zones. As a simple approximation, there are two
regions for facet reflection amplitudes. In Fig. 1(a) and (c), both dimensions of the facets
are larger than the first Fresnel zone and we expect the wave to reflect with full amplitude.
Then, the dimensions of the facet are effectively infinite. In the second region, Fig. 1(b)
and (d), one facet dimension is less than the width of the first Fresnel zone and reflection
amplitudes are reduced.

Clearly the reflection and diffraction of waves at finite width strips of facets are coupled,
and reflected components from the Helmholtz-Kirchhoff integral are only part of the
solution. Tolstoy published a pair of papers that give solutions for the diffractions by a
hard (perfectly reflecting) truncated wedge, strip, and sound barriers[2,3]. However, he
was primarily interested in the multiple diffraction part of the solution. In the wedge
assembly or facet ensemble methods for calculating waves diffracted and reflected at
rough seafloors and sea surfaces, one has both diffracted and reflected components.
Diffracted components come from the intersections of the plane facets, i.e., wedge crests
and troughs. Specularly reflected components come from the facets. We deal with the
specularly reflected components in this paler. Computations of the diffraction components
are in Refs. 8-14.

We mention applications of our results to architectural acoustics, concert halls, and the
design of "acoustical adjustments.” Many halls have acoustic devices over the stage that
are intended to reflect and scatter sound into the audience. These devices are known as
"reflectors,” "clouds,” and "deflectors.” To be effective, the reflecting devices must reflect
sound over a wide range of frequencies. The wavelengths of lowest frequencies, the
distance of the reflecting devices above the performers, and spherical wave theory control
the minimum dimensions of the reflectors.

I. AMPLITUDES OF REFLECTIONS FROM A PLANE FACET
We use the Helmholtz-Kirchhoff integral to make quantitative computations of the effects



of facet widths on reflection amplitudes. Since the Helmholtz-Kirchhoff integral is for
continuous waves, we suppress the time dependence and calculate the pressure P(f) as a
function of frequency f. Expressions for the Helmholtz-Kirchhoff integral are in Neubauer
and Dragonette,1 Clay and Medwin (1977),15 and Clay (1990).14 Expressions from Clay
and Medwin are designhated as GM. After making the Kirchhoff approximation, the
Helmholtz-Kirchhofl’
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FIG. 1. Facets and the phases of the Fresnel zoses, vertical incidence.
‘The facet dimensions were choten 1o cover all or a fmction of the first
Fresnel zome The facet width is . Phases of the zomes alternate
(a) Facet covers the Srst Freanel zooe in the x direction and several in the
y direction, (b) Facet covers part of first Fresnel zone in the x direction
and several in the ¥ direction. () Facet covers the first Fresnel zone in
the x direction and y direction. (d) Facet covers part of the first Fresael
zone in the x direction and the first zone in the y direction.

Medwin are designated as C-M. After making the Kirch-
hoff approximation, the Helmholtz-Kirchhoff integral is
(C-M A10.5.7)
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where k is the wave number 2rf /¢, B is a constant having
the dimensions of pressure, the source directivity is unity,
and the reflection coefficient is &);. The separations R and
R, are defined in Fig. 2. The x and y coordinates are on the
surface of the facet. In the specular direction, the second-
order approximation of k{R+R,) gives [use C-M Eg
(A10.5.7)-(A10.5.13) and change & to 4]
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where —& is the elevation of the area d¥ above the refer-
ence plane. The replacement of K(R+R,) by the second-
order expansion of x" and 3" in (3) is known as the Fresnel
approximation. The normal derivative is

d 4

B (6)
We make more simplifying approximations. Since the fac-
tor (RR,) varies slowly, it can be replaced by (R R;) and

(4)

integral is (C-M A10.5.7)

FIG. L. Geomeiry for a8 Helmboliz-Eirchhof-Fresnel caleulsion: The
recerver i in the specular direction from the origin of the 2'-§" coond:-
nates of the surface 5, The area oF is clevated — £ above the surface 5 and
sl the coondinates x, p, and =z, The source and receiver are at different
distances sbove the surface 5. The facet dimensions w, and to, are shown.

moved out of the integral. After the normal derivative is
taken, ¢ becomes 0 on the facet. The dependence of
exp[—ik(R+R,)] on x" and p' is important and this term
stays in the integral. With these approximations, the inte-
gral (1) becomes .
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where the limits x; and p; are the half-width and half-
length of the facet. The expression contains the product of
Fresnel integrals. The following changes of variables give
the standard definitions of the Fresnel integrals, Abramo-
witz and Stegun (1965),' Sec. 7.3: .

x? y?
-*u’- and = u‘n (8)
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The pressure becomes
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and (12)
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and the cosine and sine integrals are

Cluy)= J? m[% u’)du

and (13)
S(uy)= J;q Iin(-; u‘)dn.
and
Hu) = -'.:I. exp[ —I;u’)du =2[C(1y)—IS(uy)).
(14)

The full facet dimensions are w, and w, and, correspond-
ingly, the symmetric limits in the integrals are

x=w,/2 and y=uw,/2. (15)
Using the definitions of u and v in (9), uy and vy arc
(Ri4+Ri) L
U =c08 ﬁ‘(m) s (16)
(Ry+R;)\ 72
= (—Rﬁ? 0y, (17

where A=¢/f, ¢ is sound velocity, and A is wavelength.
A. Reflaction from an Infinlte plane

The reflection from an infinite plane interface gives a
reference pressure, The caleulation also shows that the
evalustion of the Helmholtz-Kirchhoff integral with the
Fresnel approximation gives the familiar “image solution.”
Ewvaluations for infinite limits for the facet dimensions are

Cloo)=0.5 and 5(c0)=0.5, (18)
and the product J{u ) I (v,) becomes
Hu ) p)=({1-D({1-N=-2.
The substitution of (18) and (19) into (11) gives
Mn‘-nf-lﬂ'lﬂ'
R 7y

where we define the reference pressure P_{f ). As ex-
pected, this is the image solution."

(19)

(20)

B. Facet pressure reflection factor

We define a facet reflection factor as being the ampli-
tude of the reflection from a facet relative to the reflection
from an infinite plane interface, Let G{f) be the ratio of
the pressure reflected at a facet relative to the
reflected at an infinite plane. It is the ratio of (11) to (20):
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FIG. 3. Relative reflection amplitudes Glw, o ) and G(f, = ) as fonctions
of facet width and frequency. The facet bas infinite length in the p direc-
tion and finite width in the x direction. The barmonic source has fre-
quency f. (a) Dependence o6 u. (b) Dependence oa froguency for & falte
width facet st the seafloor. The scurce and receiver are oolocated w
mhmmmmmmhmﬁ
ative o the reflection from an infinite plane &! the sme mnge.

PifY  i(u){w)
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By using the ratio of pressure reflections from the same
materials, the reflection coefficients in (7) and (20) cancel.

The dependencies on the right side of (21) are on w,
and ;. Recall (21) and that x,=1w,/2 and y,=1w,/2. The
subscripts on u; and vy in (21) are dropped, & range R* is

defined, and v and v are wrilten as
u=uw, cos ¥/ (AR*)"?, (22)
v=w/(AR*)\7,
v (23)
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The common monostatic condition, R =R;, gives
R*=R,. The facet reflection cocfficient G( f )} becomes

Glup) =il (u)I{v) L (24)

C. Seml-infinite facet examples

For the first example, we let w, be infinite and calcu-
late (). Here, v becomes infinite. Using (18) to eval-
uate I{v), Glu, =) becomes

Glay 00) = (14T (u)/2 (25)
The absolute value of |G{u,e )| 15, using (14),
16w, 00 ) | =vZ[CP(u) +5%(u) ]2 (26)

A numerical calculation for G{u, w0 ) & shown in Fig. 3(a).
The dependence of Gu,w ) on w can be regarded as de-



pendencies on v, ranges Ry and R, frequency or A=c/f,
and facet width w,. The dependence of G(JS° ) on fre-
quency for fixed w,, ranges, and 1 is shown in Fig. 3(b).

The curves shown in Fig. 3 have slowly damped oscil-
lations as ¢ or f increases. These oscillations are related to
the continuous wave or harmonic solution of the
Helmholtz—Kirchhoff integral in the Fresnel approxima-
tion. Namely, the contributions fo the integral from each d5
on 8 in Fig. 2 are present at all times. Clay and Kinney
(1988) discuss the implications of this requirement.'” It
affects the use of the Helmholtz-Kirchhoff integral in cal-
culations of the reflections of incident transient pressures.
Figure 3(b) shows the dependence of the relative reflection
amplitude from a finite width plane facet at 1000-m depth.
Geophysical examples that can be modeled by a set of
plane facets are hard rock outcrops on continental shelves
and basaltic lava flows at mid ocean ridge crests.

Il. REFLECTION OF A TRANSIENT PRESSURE AT A
FACET

A transient pressure reflection at a facet has a different
and, as we will show, a simplef response than the reflection
of a harmonic wave. The computation of the response is
simpler in the frequency domain becanse the Fresnel func-
tion is in the frequency domain, i.e., u is a function of f as
well as wedge width and geometry.

Adapting our notation of B for the source function, we
let the source 5{1) have the spectrum B{ f ) and transfor-
mation ralation,

B(f )= r b(1)e=2xlt gy, 27
-

where b(t) satisfies the usual conditions for the integral
The reflacted pressure signal is the convolution of B(f )
and P(f ) in (11):
k""Mpl'l;I

N =Fy J-‘ B(f) mﬂw)f(u)z“"" df.

- (28)
The integral of p(r)? is 2 common measure of the reflected
signals. Parseval's theorem gives

. - HOHOTR
ﬁpm’dr-ﬂiz f__ 18O Lt;ﬁ;azl’ of-
(29

Recalling the pressure reflection from an infinite facet
(20}, the application of Parseval's theorem gives

] - i
|7 patwra=at |7 15 et
(10)

.

the ratio of (29) over (30) gives the integral square of the

facet reflection response or pressure-squared reflection fac-
mr:-

I 2 p(2)*dt

[S{H.u}lzﬂm . (31)

We use the terminology pressure squared instead of inten-
sity because intensity is pu, where u is the vector particle
velocity and p is the scaler pressure. We measure and ¢om-
pute pressures. After application of Parseval's theorem,
some of the geometrical terms cancel and the pressure-
squared reflection factor (31) becomes

[= 1 BCOPE() (w) |2r41d S
= B()Rdf

where g(u,v) is a fanction of facet dimensions, geometry,
and signal spectrum. In general, g(u,0) does not reduce to
a simpler expression.

[glup) )= , (32)

A. Numerical evaluations for simple b{f)

A gated sine wave has the duration T, and carrier
frequency f,. For simplicity, we let b(r) be centered on
t=0 as follows:

b(f)=sin(2n/,), for —T/2<I<T /2,

(33)
B(f) =0, otherwise.
Fourier transformation of b(r) gives the spectrum
T 2w(f—f,) r(f+ 1) (IS*#}

We also used the damped sine wave and, without changing
notation, let

b(t)=exp(—1/T)sin(2ufpt), for 0<I< e,

b(t}=0, otherwise,

where T is the decay time. The complex spectrum of the
damped sine wave is

(35)

i-rfp
(2af+1/TY+erf,

All of these spectral functions have peaks near f,. The
reflection factor (32) was evaluated for the same geometry
and facet dimensions as shown in Fig. 3, namely u,00.

The reflection factor glu, e ) for different types of sig-
nals are shown in Fig. 4. The dependence of ¢ on w, and
the wavelength 4,=c/f, is

u=10; cos P/ (1,R*)\7, (37)

The reflection factor for a single cycle of a sine wave as a
function of u is shown in Fig. 4(a). The response is nearly
constant for w>1.8. Clay and Kinney (1938) used a
len time domain computation to get nearly the same
result. /" The reflection factor for two eyeles of a sine wave
is shown in Fig. 4(b) and the factor for a damped sine
wave (35) is in Fig. 4(c). Increasing the duration of the
signal canses the reflection factor to have more oscillations.
\’u}rhmT,in{!!}andIaraeTin{Eﬁ-}mthtrb-
flection factor to approach the continuous wave signal ex-
ample, Fig. 3(a).

B(f)=

(36)



Fig.4 Fig.5
FIG.4.[ on left] Relative reflection amplitudes of transient signals ?g(u,8)?

FIG. 5 [on right]. Laboratory experimental geometry and a pressure signal. (a) The
experiments were made in air. The spark source and pressure receiver are nearly
colocated. The facet is made of plaster wall board and the Boor is cement. The facet length
120 cm is effectively infinite. (b) Typical pressure signal. The direct arrival was
suppressed. The reflection from the facet is called "facet” and the reflection from the Boor
is labeled "floor." Diffraction arrivals are relatively small for this geometry.

I11. EXPERIMENTS AND THEORY

Figure 5 shows a laboratory experiment and a typical signal.lg Relative to air, plaster
wall board is very hard and dense and the reflection coefficient is nearly unity. These
plaster materials damp vibrations and are good for laboratory acoustic experiments. The
data were taken near vertical incidence and ?=0. The part of the signal labeled "Facet”
was isolated from the rest of the signal to study the reflection from the 4-cm-width facet.
The reference pressure or p8( t) was achieved by replacing the small facet by a large
sheet of plaster sheet board at the same range. An example of an unfiltered p8(t) is
shown in Fig. 6(a). We delayed digitization and recording of the signal until just before the
signal arrived. The corresponding spectrum is labeled "source-system response”™ in Fig.
6(c). We digitally recorded p8(t) and then used FFT-filter-IFFT operations to calculate
pressures for a set of signals having peak frequencies that range from 3 to 20 kHz. An
example of filtered p8(t) for a peak frequency of 3 kHz is shown in Fig. 6(b) and its
spectrum is shown in Fig. 6(c). The filtered domain signals were time shifted for display.
The filtered p8(t) resembles a damped sine wave. Reflected sound pressures from the
facets were processed the same way and filtered signals were computed for the pair, p(t)
and p8(t). The wavelengths ?p that correspond to spectral peaks were computed for each
pair of filtered signals. The ?p range, and facet widths were used to compute a and the
experimental values of g exp( u, 8) shown in Fig. 7.

Theoretical calculations of g(u, 8), also shown in Fig. 7, used the damped sine wave
signal ( 33 ) where the damping constant was
T=1/fP. (38)
The theoretical curve of g(u, oo ) was computed as a function of u, i.e., fP using (32) and
(36). The experimental values of g exp( u, 8) are a little larger than the theoretical curve
between u=1 and 1.5.

1IV. SOUND DEFLECTORS IN MUSIC HALLS
Sound deflectors are often placed over the stage in concert halls. As sketched in Fig. 8,



the deflector reflects some of the upward traveling sound waves from a performer on the
stage into the seating area. The stage overhead and ceiling are not shown. Since
deflectors are part of the stage, the designs can be rather decorative. Depending on the
acoustical problems with the room, the sound deflectors may also be intended to reinforce
specific frequency ranges. Sometimes designers use a "rule of thumb™ that the deflectors
scatter and reflect all waves that have ? less than the dimensions of the deflector. We
believe that the finite facet theory gives an improved "rule of thumb."

The pressure facet reflection factor ( 21) gives the pressure reflected by a facet relative
to the pressure reflected by an...

2.l
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F1G. 4. Reflecibon from an infinile plane. ALl signal and spoctral smpli-
tudcs mre arbitrary. The time f=1>0 la chosen to be near the beginnings of
the algnals and the slgnals were time shifted For display. The travel times
from the source to the refecting Interface and back ©o the recelver are
mppresad. (o) The reflected sigeal from an “infieite™ plane glves the
gystom impulse response. (b} Bandpass-filiered signal for the bandpas
L8544 kFlz flicr, The filler operation was doac digitally, (o) Spoctra of
ihe gipeals

an infinite plane interface. The sketch in Fig. 8 shows the
geometry of the performer, sound deflector, and listerer. In
auditoriums, scousticians often calculate the ratio of the
reflected and scattered components to the direct sound
from a performer. Here, we want the ratio of the reflected
sound to the direct component. Accordingly, we modify
G(f ) in (21) as follows:

P(fIR, R,
Sl =5 i m+E =) Fr &y

where G,{f ) is the facet pressure reflection factor relative
to direct sound and Ry is the direct mnge from the per-
farmer to the listener.
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FIG. 8. Performance of & sound deflector over o performer. () Goom-
etry. The distances are given oa the skeich. (b) The sound level of the

refiocted sound relutive ta tha direct sound from the pecformer.
The dethed Lne shows—3.6 dB that corresponds 10 the image sound
bevel—ibe direct sound level

The pressure reflection factor of 2 22 m square de-
flactor is aleo shown in Fig. 8. The response is in dB or
20 lag;q| Gs(f ). Relative to the direct sound pressure
level, the mean reflected sound-pressure level s
20 log B/ (R4 R;)]=—3.6 dB in the image region
above 200 Hz

Figure 9 shows the reflection from a square facet,
u=y. The Fraunhofer or incident plane-wave region re-
quires that u be small and Jess than 0.5. The transition
from Fraunhofer to Fresnel or incident spherical waves
starts at & more than 0.5. The response oscillales about the
image respomse of | at large .

V. DISCUSSION AMD CONCLUSIONS

Evaluations of the Helmhaltz=Eirchhof (H-K) inte-
gral in Fresnel spproximation gives accarate amplitudes of
the pressures that are specularly reflected at finite-
ﬁmmndplm:npdhnmﬂhthm:nmmﬁt
both continugus waves' and transient pressures. Explicit
computations of difraction components are not included in
our evaluations of the H-K integral

The lit=rature also has “diffraction interpretations™ of

impulsive cvaluations of the H-K integral, Trorcy
(1970)" and C-M, Sec. 10.2."* However, comparisons of
mmcmﬂwmuummmnmﬁm-mmmm”
and experiments show the Trorey solutions do not give
correct diffracted 1:-|>t|'.1p.:||m:I.l.”"I Clay and Kinney (19E8)
discuss the problem in detsil.'” Theoretical solutions need
to consider spherical waves from point sources because
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incident planc-wave analysis is unlileely to give correct am-
plitudes for reflected components. Numerical studies show
that the scattering of incident planc waves by periodic
wedge assemblics is completely described by the diffrac-
tions from wedge crests and troughs and have no reflected
components.’ Clearly there is work to be done.

A “rule of thumb” is useful for architectural applics-
tions. Referring to Figs. 8 and 9, the reflected sound level
20 bogy| GoLf )| is greater than —6 dB relative to the
mean level, for ¢ and v greater than 0.5, Putting this con-
dition in the definition of v (37), a minimum facet dimen-

sion for w, is
we> (A,R*)"2/2 cos ¥ (40)

The minimum facet dimension for w, follows the same
rale.

Incident plane-wave theory is often used in scattering
problems. Again, we use Fig. § 1o give a plane-wave rule of
thumb, The response & (wv) is nearly proportional to u
for u<03. Incident plane waves can be used when the
maximum dimensions of the object are less than the cor-
responding v and v<0.5, that is

mazimom dimensions < (1,R%)'7/2. (41)

The plane-wave condition depends on the range and wave-
length. The plane-wave condition also gives the Fraunhofer
region. The transition from the Fraunhofer region mainly
occurs between 0.5 <u < 1. At u>2, the reflection ampli-
todes are approximately given by image reflections.
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