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A one-dimensional model has recently been developed for the analysis of nonlinear standing waves
in an acoustical resonator. This model is modified to include energy losses in the boundary layer
along the resonator wall. An investigation of the influence of the boundary layer on the acoustical
field in the resonator and on the energy dissipation in the resonator is conducted. The effect of the
boundary layer is taken into account by introducing an additional term into the continuity equation
to describe the flow from the boundary layer to the volume. A linear approximation is used in the
development of the boundary layer model. In addition to the viscous attenuation in the boundary
layer, the effect of acoustically generated turbulence is modeled by an eddy viscosity formulation.
Calculatons of energy losses and a quality factor of a resonator are included into the numerical code.
Results are presented for resonators of three different geometries: a cylinder, a horn cone, and a
bulb-type resonator. A comparison of measured and predicted dissipation shows good agreement.
© 2001 Acoustical Society of America.@DOI: 10.1121/1.1359798#
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I. INTRODUCTION

The resonant macrosonic synthesis technology de
oped at MacroSonix allows the creation of high-amplitud
shock-free standing waves in acoustical resonators.1 Power is
delivered to the resonator by a linear motor that shakes
entire cavity. We have observed peak pressures that ex
the ambient pressure by factor of 3 to 4. The standing wa
are strongly nonlinear and phenomena such as harmonic
eration, resonance frequency shift, and hysteresis are
served. Previously, a one-dimensional model has been de
oped to analyze the high-amplitude standing waves
acoustical resonators.2 The only attenuation taken into ac
count in this model is that caused by viscosity in the volu
of the resonator. It is known that most energy losses occu
the acoustic boundary layer along the resonator wall. W
an accurate computation of the energy dissipation is nee
it is necessary to take into account the energy dissipatio
the boundary layer. It may be considered an oversimplifi
tion to analyze the boundary layer motion within a on
dimensional model because the fluid motion in a reson
with a boundary layer is no longer one-dimensional. Ho
ever, if the transverse component of the particle velocity
small, a one-dimensional treatment of the standing wave
still valid.3

Here, the effects of the boundary layer on nonline
standing waves as well as energy dissipation are consid
within the one-dimensional model. Energy losses genera
by the turbulence are included. Three steps should be di
guished in this investigation. First, we assume that
boundary layer does not affect the acoustical field in
resonator. Therefore, all the acoustical characteristics,
pressure and velocity, are calculated with the o

a!Also at: Department of Mechanical Engineering, University of Texas
Austin, Austin, TX 78712-1063.

b!Also at: Mechanical Engineering, Virginia Commonwealth University, 6
West Main, P.O. Box 843015, Richmond, VA 23284-3015.
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dimensional model2 that includes volume absorption only
Then, the model is completed by adding a linear equation
the boundary layer. The linear equation uses the result
the volume model to calculate the velocity profile in th
boundary layer as well as the energy dissipation and
quality factor of the resonator.

Second, the influence of the boundary layer on
acoustical field in the resonator is taken into accou
Chester3 introduced a concept that takes into account
influence of the boundary layer on the mass conserva
equation. Following this concept, we include an addition
term into the continuity equation that describes the mass fl
from the boundary layer to the volume. A new nonline
model equation is then derived in the time domain to d
scribe the high-amplitude standing waves in the reson
with the boundary layer. The time-domain equation is
placed by a set of spectral equations for the harmonic am
tudes. All acoustical characteristics are calculated with
new model equation. The energy losses in the boundary la
are calculated within the linear approximation of the mod

Finally, rough estimations are done to take into acco
the energy dissipation caused by the acoustically gener
turbulence in the boundary layer. A simple eddy viscos
model is applied to include the losses associated with
turbulence. In this model the eddy viscosity is related to
acoustic Reynolds number based on the boundary la
thickness.

The new model equation is solved numerically for thr
types of resonators, a cylinder, a horn cone, and a bulb r
nator. The distortion of the pressure and velocity wavefor
are calculated and demonstrated for different points al
the resonator axis. The distributions of the harmonic am
tudes and phases of the pressure and velocity waves a
the resonator are shown for the first three harmonics.
dependence of the energy losses in the boundary layer
the quality factor on resonator shape is also presented.

t
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II. ENERGY LOSSES IN THE BOUNDARY LAYER

In this section the following assumptions are used:~1!
the gas motion in the boundary layer does not affect
properties of the standing waves in the resonator; and~2! a
linear equation is sufficient to describe the boundary la
motion.

A. Basic equations and solutions

The absorption due to tube wall boundary layer effect
well known. Blackstock4 presents a discussion of the abso
tion of sound by viscous shear forces and heat transfe
walls of a tube. In this section we summarize some of
results. The momentum equation for the boundary layer
viscous fluid in the linear approximation is

]uz

]t
5n0

]2uz

]y2 2
1

r0

]p

]z
, ~1!

whereuz is the particle velocity component along the res
nator wall,p is total pressure,z is the coordinate along th
resonator wall, andy is the coordinate normal to the reson
tor wall, n05h0 /r0 is the kinematic viscosity coefficient,r0

is the equilibrium density of the gas, andh0 is the dynamic
viscosity. The solution of Eq.~1! is given by

uz5
1

2 (
n

uneinvt1c.c., ~2!

whereun are the complex amplitudes of the harmonic co
ponents of the velocity wave, and c.c. are their complex c
jugates. The amplitudes of the harmonic velocity comp
nents are given by

un5un
~0!~12e2ay!, ~3!

wherea is equal to

a5Ainvr0

h0
, ~4!

andun
(0) are the mainstream harmonic velocities that are p

allel to the wall. They represent the sources for the bound
layer.

It is necessary to clarify that in this derivation we a
sume that the difference in the velocity component along
resonator axis and along the resonator wall is small. T
same assumption applies for the coordinates along the
and the resonator axis.

A similar derivation can be done for the heat transfer
the walls,4 and the result is a thermal boundary layer with
temperature profile. It is possible to derive a quasi-pla
wave equation that includes the combined effect of visco
and thermal conduction. Including the heat transfer at
wall amounts to replacing the factorAh0 by Ah0@11(g
21)/APr#, whereg is the ratio of specific heats and Pr is th
Prandtl number. In this paper we focus our discussion on
effect of viscosity.
1860 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
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B. Energy dissipation

Once the velocity in the boundary layer is known, t
energy dissipation can be calculated. For a one-dimensi
fluid motion, the energy dissipation per unit time and per u
volume equals5

q5h0S ]uz

]y D 2

. ~5!

After substituting Eq.~2! into Eq. ~5!, we obtain

q5
h0

2 (
n

S ]un

]y

]un*

]y D , ~6!

whereun* is a complex conjugate toun .
To calculate the energy that is dissipated in the bound

layer, Eq. ~6! should be integrated over the volume. Th
equation for the energy losses can be presented in the f

W5
A2h0r0

4 E
0

l

(
n

uũnu2Anv2pr ~11r 1
2!3/2dx, ~7!

wherer 15dr/dx, l is the length of the resonator, andũn is
the axial component of velocity obtained with the on
dimensional model. To derive Eq.~7!, the following equa-
tions were applied:

dS52pr dz52pr
dx

cosu
, ~8!

un
~0!5

ũn

cosu
, ~9!

cosu5
1

A11r 1
2

. ~10!

Here,x is the coordinate along the axis,r is the radius of the
resonator, andu is the angle between the wall and the ax
Equation~7! is the expression for the energy that is dis
pated in the boundary layer due to viscosity.

As mentioned in the assumptions, we do not direc
include the effect of thermal conductivity on the energy d
sipation. Swift6 included the effect of viscosity and therm
conductivity on energy dissipation for a cylindrical reson
tor. His calculations show that the energy dissipation is p
portional to the factorAh0@11(g21)/APr#. We can draw
two conclusions regarding the effect of thermal conductiv
on energy dissipation for shaped resonators. First, we
approximate the effect of thermal conductivity by increasi
the value of viscosity to account for the effect of therm
conductivity. Second, our application of interest is that
acoustic compressors with refrigerants as working gases.
most refrigerants, the value ofg is lower than that for air; it
is in the range of 1.1–1.2, an indication that the effect
thermal conductivity is relatively small in comparison wi
that of viscosity. In numerical calculations, we adjust t
value of viscosity so that a good agreement is obtained
tween calculated and measured dissipation.
1860Ilinskii et al.: Losses in a resonator
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C. Preparation for numerical calculations

As the energy losses are calculated numerically, we
troduce the following dimensionless variables:2

X5
x

l
, T5v0Vt, R5

r

l
, V5

v

v0
. ~11!

Here,v05pc0 / l is the resonance frequency of a cylindric
resonator of lengthl. Previously we used the velocity poten
tial w ~or F in dimensionless form! and the functionV. They
are related to the particle velocityu as

u5
]w

]x
5 lv0

]F

]X
, ~12!

and

V5R2
]F

]X
. ~13!

The spectral component amplitudes of the velocity wave
expressed through the dimensionless harmonic compo
amplitudes of the functionV as

ũn52lv0

Vn

R2 . ~14!

So, the energy losses in the boundary layer written
dimensionless variables are

W5GAh̃0E
0

1

(
n

uVnu2AnV
~11R1

2!3/2

R3 dX. ~15!

Here,h̃0 is a normalized attenuation coefficient

h̃05
h0

r0c0l
, ~16!

G has dimension of power and is given by

G52pr0l 4v0
2A2c0lv0, ~17!

and

R15
dR

dX
. ~18!

The calculation of the energy losses is reduced to solving
following integral:

L5Ah̃0E
0

1

(
n

uVnu2AnV
~11R1

2!3/2

R3 dX. ~19!

Instead of directly calculating the integralL, we solve the
differential equation

dL

dX
5Ah̃0(

n
uVnu2AnV

~11R1
2!3/2

R3 . ~20!

The solution of Eq.~20! yields the functionL that is propor-
tional to energy dissipation.

To calculate the dissipated energy in the boundary la
we add Eq.~20! to the set of (4N11) differential equations
we solved earlier. Now we have a set of (4N12) equations,
and the energy losses in the boundary layer are one of
variables that we solve in this set of differential equation
1861 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
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D. Quality factor of the resonator

The quality factorQ of the resonator is

Q52p
E

WTp
. ~21!

Here,E is the total energy stored in a resonator, andTp is the
period of the resonator oscillation.

Since the averaged kinetic energy is the same as
averaged internal energy, we calculate the total energy st
in the resonator as the doubled kinetic energy

E5
1

Tp
E E ru2 dv dt, ~22!

wheredv is a volume element, anddt is a time element.
In dimensionless variables we have

E5p3r0c0
2l 3E E r

r0

V2

R2 dX dT5p3r0c0
2l 3S̃, ~23!

where

S̃5E r

r0

V2

R2 dX. ~24!

As shown in a previous paper,2 r/r0 takes the form

r

r0
5F12~g21!p2S V

]F

]T
1

V2

2R4 1AX

2
G

p3R2

]V

]XD G1/~g21!

, ~25!

where A5a/ lv0
2 is a dimensionless acceleration~a is the

acceleration of the resonator!, G5pdv0 /c0
2 is a dimension-

less volume attenuation coefficient@d5(z14h/3)/r0)].
The integralS̃ is obtained as the solution of the diffe

ential equation

dS̃

dX
5

r

r0

V2

R2 . ~26!

One more equation is added to the set of (4N12) equations,
and the (4N13)th variable gives the desired integralS̃. Fi-
nally, the quality factor of the resonator is

Q5
V

2
Ap

2

S̃

L
. ~27!

III. THE EFFECT OF THE BOUNDARY LAYER ON THE
ACOUSTIC FIELD IN THE RESONATOR

The boundary layer introduces not only energy los
but changes the characteristics of the acoustic field inside
resonator. These changes can be taken into account by
ing a term in the continuity equation to describes the m
flow from the boundary layer to the volume part of the res
nator. This is a concept first introduced by Chester.3 Using
the new continuity equation, we modify the nonlinear mod
equation in the time domain. Then, the solution scheme
has been previously2 is applied to this analysis. The time
domain model equation is replaced by a set of equation
1861Ilinskii et al.: Losses in a resonator
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the frequency domain that is complemented by two eq
tions for the energy losses and the quality factor. These e
tions are solved numerically.

A. Modification of the previous derivation

Here, the previous derivation is modified in order to i
clude the effect of the boundary layer.

The derivation starts with Eq.~14! from Ref. 2, and the
terms are rearranged as follows:

]w

]t
1

1

2 S ]w

]x D 2

2
d

r 2

]

]x S r 2
]w

]x D1a~ t !x2
c0

2

g21

[H52
gp0

~g21!r0
g r~g21!52

c2

g21
. ~28!

Equations~16!, ~17!, and~18! of Ref. 2 have been applied t
obtain Eq.~28!.

By differentiating the functionH with respect to timet,
we obtain the model equation for nonlinear standing wav

]H

]t
52

]w

]x

]H

]x
2

~g21!

r 2

]

]x S r 2
]w

]x DH. ~29!

Equation ~29! is rewritten here in a form that is not onl
more compact but also more convenient for our further
vestigation. By substituting the expression forH into Eq.
~29!, one will recover Eq.~28! of Ref. 2 for the velocity
potentialw.

B. Flow from the edge of the boundary layer into the
volume of the resonator

Next, the mass flow from the edge of the boundary la
into the volume is estimated and included into the continu
equation for the volume.

The mass flow through a unit element of the bound
layer edge into the volume is given by

f n5ruyn2pr
1

cosu
. ~30!

Here, f n is a spectral component of the flow, anduyn is a
spectral component of the velocity component normal to
resonator wall.

To calculate the normal velocity componentuy , we
combine the continuity equation for the boundary layer w
the continuity equation for the volume. The continuity equ
tion for the boundary layer is

]r

]t
1

]

]y
~ruy!1

1

r

]

]z
~rruz!50, ~31!

and the continuity equation in the volume is

]r

]t
1

1

r

]

]z
~rruz

~0!!50, ~32!

whereuz
(0) is the velocity component parallel to the resona

wall. Since the pressure is the same in the boundary la
and in the volume, the density is also the same, and
obtain from Eqs.~31! and ~32!
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]y
~ruy!1

1

r

]

]z
@rr ~uz2uz

~0!!#50. ~33!

Integration yields

uy52
1

rr E0

` ]

]z
@rr ~uz2uz

~0!!#dy. ~34!

Sinceuz is small and the difference betweenr andr0 is also
small, r can be replaced byr0 . This approach is consisten
with the use of Eq.~1!, the solution of which is used to
integrate Eq.~34! over y

uyn52
1

ar

]

]z
~run

~0!!. ~35!

Next, we neglect the difference between the veloc
component along the wall and along the axis of the reson
and we replacez by x. We then obtain

uyn52
1

ar

]

]x
~rũn!. ~36!

Substitution ofuyn into Eq. ~30! yields

f n52Fnr, ~37!

where

Fn52pA 2h

nvr0
~12 i !

]

]x
~rũn!. ~38!

This flow from the boundary layer to the volume
taken into account in the continuity equation for the volum
The continuity equation is then used to derive the mo
equation that describes the acoustic field in the reson
with an acoustic boundary layer.

C. Derivation of the new model equations

The mass conservation equation becomes

]r

]t
1

1

r 2

]

]x
~r 2ru!1

Fr

pr 2 50, ~39!

where the functionF has spectral componentsFn . The in-
clusion of the boundary layer flow into the mass conser
tion equation changes the model equation~29!, which is now
given by

]H

]t
52

]w

]x

]H

]x
2

~g21!

r 2

]

]x S r 2
]w

]x DH

2~g21!
F

pr 2 H. ~40!

By expressingH as a function of the velocity potentialw
@Eq. ~28!#, we can rewrite Eq.~40! and obtain
1862Ilinskii et al.: Losses in a resonator
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c0
2

r 2

]

]x S r 2
]w

]x D2
]2w

]t2 1
d

r 2

]2

]t]x S r 2
]w

]x D
5

da

dt
x1a~ t !

]w

]x
1

g21

r 2 a~ t !x
]

]x S r 2
]w

]x D
12

]2w

]x]t

]w

]x
1

g21

r 2

]w

]t

]

]x S r 2
]w

]x D1
1

3

]

]x S ]w

]x D 3

1
g21

2r 2 S ]w

]x D 2 ]

]x S r 2
]w

]x D2
c0

2

pr 2 F. ~41!

Equation~41! is the modified model equation that describ
the acoustic field inside the resonator with a boundary la
Since we used a linear approximation to calculate the po
that is dissipated in the boundary layer, we retained only
linear term to describe the flowF from the boundary layer.

The following dimensionless variables are introduced

F5
w

v0l 2 , V5R2
]F

]X
. ~42!

The new functionV allows one to reduce the order of E
~41!. We are interested in the periodic solutions

V5 (
k52N

N

Vke
ikT, ~43!

F5 (
k52N

N

Fke
ikT. ~44!

Equation~41! in new dimensionless variables reduces to
dinary differential equations for the complex amplitudes. F
the kth harmonic component the equations are

1

p2

dVk

dX
1k2V2R2Fk1

ikVG

p3

dVk

dX
2

~12 i !b

AkVR

dVk

dX

5 ikVR2XAk1
ikV

R2 @V2#k1 (
l 52N1k

N H Ak2 lVl

1~g21!XAk2 l

dVl

dX
1 i ~k2 l !~g21!VFk2 l

dVl

dX J
1 (

l 52N

N H g11

2R4 @V2#k2 l

dVl

dX
2

2

R5

dR

dX
@V2#k2 lVl J

2
~12 i !b

AkVR2

dR

dX
Vk , ~45!

dFk

dX
5

Vk

R2 . ~46!

Notice thatV2k5Vk* whereVk* are complex conjugatesVk ,
and V05Vdc is the dc component of the functionV. The
same notation applies for the velocity potential.N is the
number of harmonics included in the calculation. Both fun
tionsVdc andFdc are real. The acceleration is assumed to
periodic

A5 (
k52N

N

Ake
ikT. ~47!
1863 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
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The factorb is defined as

b5
1

p2A2h̃0

p
. ~48!

To describe the acoustic field in the resonator with a bou
ary layer, we have to integrate (4N11) ordinary differential
equations, i.e., the real and imaginary parts ofN complex
amplitudes for each of the two functionsV andF as well as
the real functionVdc. The functionFdc is not involved in
Eqs. ~45! and ~46!. To estimate the energy losses in th
boundary layer and the quality factor of the resonator,
add Eqs.~20! and ~26! to the set of (4N11) equations and
solve the set of (4N13) equations.

Equations~45! and ~46!, with the additional term that
takes into account the influence of the boundary layer on
dynamics of the processes in the resonator, have been us
calculate numerically the losses in the resonator. The
merical results have been compared with experiments
formed at MacroSonix Corp. and showed good agreem
for weak excitation, when energy losses increase as
square of the acoustical amplitude. It is important to note t
energy losses have been calculated using not only Eqs.~45!
and ~46! together with Eq.~15! but also by estimating work
performed by an external force to excite oscillations in t
resonator. This second approach, which we now descr
was used to check the calculations based on Eqs.~45! and
~46!.

We calculate the work done by an external forceFex.
The power required to excite oscillations by moving an e
tire resonator with velocityv0 is equal tov0Fex. The force
Fex can be calculated using the equation for the gas pres
in the resonator as well as the derivative of the full mome
tum Mg of gas in the resonator. Both ways yield the sam
result. The average power of excitation per period is

^v0Fex&5^v0Ṁg&52^v̇0Mg&

52 K aE ru dVL 52 K E rau dVL ,

~49!

where dV is a volume element. The last expression is t
average power associated with an inertial force2ra(t). It is
easier to evaluate this quantity than to integrate pressure
the resonator wall. Energy losses calculated numerically w
Eqs. ~45!, ~46!, and ~15! were compared with Eq.~49! and
found to agree within a few percent. This fact indicates t
Eqs. ~45! and ~46! with Eq. ~15! are sufficient to describe
dynamics of a resonator with boundary layer and the ass
ated energy losses.

IV. TURBULENCE DISSIPATION

With increasing amplitude of excitation, energy loss
increase faster than the square of the acoustical amplitud
discussed below in connection with the measurements sh
in Fig. 15. Harmonic generation can account for only 10%
20% of ‘‘excess’’ losses that exceed linear losses. This
consistent with theoretical predictions of additional atten
tion due to harmonics, since energy losses in the bound
1863Ilinskii et al.: Losses in a resonator
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layer depend on frequency asAv, and the amplitudes of the
harmonics are small because of the special shape of the
nator. The second harmonic does not exceed 20% of
fundamental wave amplitude and contribution of the sec
harmonic to the excess losses is less than 10%. The hi
harmonics decrease very rapidly and do not contribute
nificantly to energy losses. The conclusion is that for hig
amplitude wave excitation in a resonator with a shape
suppresses harmonic generation, significant excess losse
mostly not associated with harmonic generation but with
creasing effective viscosity and thermal conductivity due
turbulence.

Noticeable deviation of our numerical results from e
periments starts when the Reynolds number Re in the bo
ary layer is of the order of hundreds. This coincides w
experimental investigations performed by Merkli a
Thomann,7 which show that the transition to turbulence
the boundary layer of oscillating pipe flow occurs at R
5400. As the Reynolds number in the volume is greater t
in the boundary layer, it is natural to anticipate that turb
lence starts in the volume earlier than in the boundary la
But, energy losses in the boundary layer are considera
greater than in the volume. For weak excitation the ra
between boundary layer losses and volume losses is o
order of one wavelength or resonator length divided by
boundary layer thickness. We assume that the contributio
turbulence in the volume to the losses in the resonator ca
ignored in this preliminary investigation. The similarity o
Reynolds numbers observed in experiment when turbule
occurs in the boundary layer of oscillating pipe flow7 and the
appearance of excess losses in resonators by MacroS
Corp. indicates the suitability of our approach.

In this section we estimate energy losses due to tur
lence in the boundary layer using a simple eddy visco
model. The eddy viscosity model that we apply here does
describe the dynamics of the turbulence. Experiment sh
this model is good enough to estimate integral losses ass
ated with the turbulence. The model equation for the ed
viscosity is taken as a simple amplitude-dependent func
that has parameters to adjust calculated energy losses to
surements. The viscosity coefficient is presented in the fo

h5h01he , ~50!

whereh0 is the dynamic viscosity coefficient andhe is the
eddy viscosity coefficient.

The transition to turbulence is governed by the lo
Reynolds number based on the boundary layer thicknesd

Re5
A2Mc0d

n0
, ~51!

where M is a Mach number in the boundary layer. Th
boundary layer thicknessd is equal to

d5A2n

v
. ~52!

The kinematic viscosity coefficientn5h/r0 in Eq. ~52! in-
cludes the total viscosity, i.e., the sum of dynamic viscos
and eddy viscosity.
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According to Merkli and Thomann, the transition to tu
bulence occurs at

Re5Re05400. ~53!

Merkli and Thomann also noted that initially turbulence do
not exist during the entire period of the wave, i.e., it consi
of bursts of turbulence within each cycle.

We assume that the eddy viscosity coefficienthe is

he5zh0SA11S Re

Re0
D 2

21D . ~54!

Here,z is a parameter that characterizes the ratio between
dynamic viscosity and the eddy viscosity. The value ofz is
determined by matching calculated and measured diss
tion. Equation~54! has a very simple interpretation: it state
that the eddy viscosity coefficient is dependent on the am
tude of the Reynolds number. At low Reynolds numbe
Re!Re0, the eddy coefficienthe becomes very small. At
high Reynolds numbers, Re@Re0, he is proportional to the
Reynolds number, i.e.,he'zh0 (Re/Re021).

Equation~50! can be written as

ñ511z~A11bM2ñ21!, ~55!

where ñ5n/n0 , b54 Re1/p Re0
2V, and Re15r0c0l/h0

[1/h̃0 . The valueñ is given by

ñ5k1Ak212z21, ~56!

wherek is defined as

k512z1 1
2z

2bM2. ~57!

In order to take into account the eddy viscosity fact
we need to multiply the dimensionless dynamic viscosityh̃
in Eqs.~19!, ~27!, and~48! by the factorñ given by Eq.~56!.

V. RESULTS OF NUMERICAL CALCULATIONS

The fifth-order Runge–Kutta scheme with adaptive st
size control8 is used to numerically integrate the set of (4N
13) equations. The Runge–Kutta routine is applied to
two-point boundary value problem. The solution of Eqs.~45!
and ~46! allows one to calculate the pressure and veloc
Energy losses and quality factorQ are obtained by integrat
ing Eqs.~20! and ~26!.

During each calculation a frequency sweep is p
formed, where the frequency is varied from slightly belo
the fundamental resonance frequency of the resonato
slightly above the resonance frequency. The followi
acoustical characteristics are calculated: amplitude and p
of each spectral component of the pressure wave, ampli
and phase distributions along the resonator for the harm
components of the pressure and particle velocity wav
waveforms for pressure and velocity at ten points along
resonator axis, and the dependence of energy losses
quality factor Q on frequency. Calculations are performe
for different acceleration amplitudes. For each calculat
ten harmonics are taken into account. In all equations
coefficient of viscosityh̃ is replaced byh̃ñ to take into
account eddy viscosity. Numerical results are presented
resonators of three geometries: a cylinder, a horn cone, a
1864Ilinskii et al.: Losses in a resonator
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bulb-type resonator. The cylinder is an example of a con
nant resonator, i.e., a resonator with an equidistant spec
of its modes. The horn cone and the bulb-type resonator
dissonant, they have a nonequidistant mode spectrum.
nonlinear distortion is different in all three resonators.

A. Cylinder

The dependence of the first three harmonic amplitu
of the pressure wave on frequency atX50 are shown in Fig.
1 for different amplitudes of resonator acceleration: curva
corresponds to accelerationA5531024, curve b to A53
31024, curve c to A5131024, and curved to A50.5
31024. From this graph we observe that for a cylindric
resonator, the resonance frequency does not depend o
amplitude of resonator oscillation. With increasing amplitu
the resonance peak broadens.

The first three harmonic amplitude distributions of pre
sure and velocity along the resonator axis are plotted in
2 for different acceleration amplitudes. Curvesa, b, c, andd
correspond toA5531024, A5331024, A5131024, and
A50.531024, respectively. The left column presents t

FIG. 1. Dependence of the first three harmonic amplitudes of the pres
wave on the frequency in the cylindrical resonator for different accelera
amplitudes:A5531024 ~curvesa!, A5331024 ~curvesb!, A5131024

~curvesc!, andA50.531024 ~curvesd! at X50. Here, pressure amplitude
P1 , P2 , andP3 are normalized by ambient pressure.
1865 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
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results for the pressure wave, and the right for the veloc
wave. As expected, all curves are symmetric with respec
X50.5. The pressure and velocity nodes and antinodes a
the same location for all acceleration amplitudes.

The maximum values of pressure and velocity amp
tudes increase with increasing acceleration amplitude.

Pressure~left column! and particle velocity~right col-
umn! waveforms are displayed in Fig. 3 at different poin
along the resonator axis for a high level of accelerationA
5531024. Figure 3 reveals the strong nonlinear distorti
of the wave in the cylindrical resonator. Shock fronts occ
in the pressure wave as well as in the particle velocity wa
The shape of the velocity wave is different than that of t
pressure wave. AtX50 the pressure waveform has the cla
sical saw-tooth shape. In the middle of the resonatorX
50.5, a saw-tooth shape is observed but at twice the
quency of the fundamental. This can be explained by the
that the amplitudes of the fundamental component and
odd harmonics are zero at this location. Maximum press
amplitude is about 0.10. In the middle of the resonator
shape of the velocity wave is that of a square wave, wh
near the end walls the shape is closer to that of an imp
function. Maximum velocity amplitude is about 0.1.

Energy losses~upper plot! and the quality factor~lower
plot! for different acceleration amplitudes are shown in F
4. The energy loss curves show the resonance behavior
the energy losses reach their maximum value atV51. En-
ergy losses increase with increasing levels of accelerat
The quality factor shows a similar but opposite behavior
reaches a minimum value close to the resonance freque
The quality factor decreases with increasing level of acc
eration.

re
n

FIG. 2. The first three harmonic amplitude distributions along the cylind
cal resonator for pressure wave~left column! and particle velocity wave
~right column! for different acceleration amplitudes:A5531024 ~curves
a!, A5331024 ~curves b!, A5131024 ~curves c!, and A50.531024

~curvesd! at frequencyV51. Here,M 1 , M2 , M3 are acoustic Mach num-
bers that correspond to harmonic amplitudes of the velocity wave norm
ized by the sound speed, andP1 , P2 , and P3 are corresponding sound
pressure normalized by ambient pressure.
1865Ilinskii et al.: Losses in a resonator
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B. Horn cone

The characteristics of standing waves in the horn-c
resonator are different from those in the cylinder. The re
nance curves for the fundamental pressure wave ampli
are presented in Fig. 5 for different amplitudes of accele
tion. Curvesa, b, c, and d correspond to accelerationsA
5531024, A5331024, A5131024, and A50.5
31024, respectively. With increasing amplitude of accele
tion the resonance frequency shifts to higher frequenc
The horn-cone resonator is an example of hardening r
nance behavior. For high acceleration amplitude the re
nance curves~curvesa and b! are characterized by hyste
esis. To obtain the resonance curvea or b the numerical code
is run twice. First, we calculated from low frequency up
the frequency where the functionP1(V) becomes multival-
ued~the upper branch of curvea!. Second, we swept down i
frequency from high frequencies up to the frequency t
corresponds to multivalued behavior.

The first three harmonic amplitude distributions of pre
sure~left column! and velocity~right column! along the reso-
nator are shown in Fig. 6. The harmonic amplitudes of
pressure wave are no longer symmetric along the reson
axis but have the same general behavior, i.e., half wa
length for the fundamental, full wavelength for the seco
harmonic, and one and a half wavelengths for the third h
monic. The fundamental pressure amplitude reaches a v
of 1.25 atX50 for the highest level of acceleration. In ge
eral the same observation applies to the velocity distri
tions. However, for high acceleration levels, the second h

FIG. 3. The wave shapes of the pressure wave~left column! and the velocity
wave ~right column! at the different points along the cylindrical resonat
axis. Here,A5531024, V51. Here,M is Mach number, andP is the
dimensionless sound pressure.
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monic distribution is different, i.e., an extra node a
antinode occur. It is interesting to note that for the high
acceleration level the third harmonic amplitude of the pr
sure wave is of the same order as the second one, and
third harmonic amplitude of the velocity wave is greater th
the second one. The nodes in the second and third harm
distributions shift to higher values ofX. The occurrence of an
extra node and antinode in the velocity distribution of t
second harmonic can be explained by the resonance har

FIG. 4. Dependence of energy losses~upper plot! and the quality factor
~lower plot! on the frequency in the cylindrical resonator for different a
celeration amplitudes:A5531024 ~curvesa!, A5331024 ~curvesb!, A
5131024 ~curvesc!, andA50.531024 ~curvesd!.

FIG. 5. Frequency response of the fundamental pressure wave in the
cone for different acceleration amplitudes:A5531024 ~curve a!, A53
31024 ~curve b!, A5131024 ~curve c!, and A50.531024 ~curve d! at
X50. P1 is dimensionless amplitude of the fundamental wave.
1866Ilinskii et al.: Losses in a resonator
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ing behavior of this resonator. With increasing amplitude
resonance frequency moves to a higher frequency, and
second harmonic frequency is getting closer to the freque
of the third mode. The influence of the third mode on t

FIG. 6. The first three harmonic amplitude distributions along the horn c
for the pressure wave~left column! and the particle velocity wave~right
column! for different acceleration amplitudes:A5531024 ~curvesa!, A
5331024 ~curvesb!, A5131024 ~curvesc!, andA50.531024 ~curves
d! at resonance frequencies for each amplitude of acceleration.Pn andMn

are defined as in Fig. 2.

FIG. 7. The wave shapes of the pressure wave~left column! and the velocity
wave~right column! at different points along the horn-cone resonator. He
A5531024, V51.454.
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e
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second harmonic generation leads to additional maxim
and minimum in the second harmonic amplitude distributio

Waveforms for pressure and velocity are presented
Fig. 7. No shocks are observed in the pressure or velo
wave. It is also clear from Fig. 7 that for identical accele
tion the peak pressure is much higher than that in the cy
der. This phenomenon can be explained by the fact that
mode spectrum of the horn cone is nonequidistant. Harmo
generation is suppressed and harmonic phases are chang
that shock formation is prevented. AtX50 the pressure
waveform for the horn cone is aU-waveform, i.e., sharpe
peaks and broader valleys. The velocity waveform has
general appearance of a triangular waveform. Maxim
pressure amplitude is about 2.5 and maximum velocity a
plitude is about 0.5.

The variation of the energy losses and quality factor a
functions of frequency is displayed in Fig. 8. The ener
losses and behavior ofQ is similar to that of the pressure
Hysteresis and resonance hardening are observed whe
amplitude of oscillation is high.

C. Bulb-type resonator

In Fig. 9 we show the resonance curves for the fun
mental pressure amplitude for different amplitudes of acc
eration. Hysteresis is observed at even a relatively low a
plitude of acceleration~curvesc!. The left and right branches
of curvec that correspond toA5131024 overlap. Curvesa

e

,

FIG. 8. Dependence of energy losses~upper plot! and the quality factor
~lower plot! on the frequency in the horn cone for different accelerati
amplitudes:A5531024 ~curvesa!, A5331024 ~curvesb!, A5131024

~curvesc!, andA50.531024 ~curvesd!.
1867Ilinskii et al.: Losses in a resonator
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andb display a complicated resonance behavior. This type
behavior is typical for a system when a higher harmonic
coincident with a resonator mode. The resonance freque
of this resonator is higher than the resonance frequenc
the cylinder and the horn cone.

The first three harmonic amplitude distributions alo
the resonator are presented in Fig. 10 for the pressure w
~left column! and the velocity wave~right column!. Three
amplitudes of acceleration are presented:A5531024

~curvesa!, A5331024 ~curvesb!, andA5131024 ~curves
c!. The third harmonic is higher than the second one in
pressure and velocity wave. The third harmonic here is v
close to the fifth mode, as can be seen in Fig. 11. Theref
five sections of a half wavelength are seen for the third h
monic distribution. It also explains the relatively high leve
of third harmonic generation. An explanation for the low
second harmonic is that it is generated in two ways wh
compete with each other. One mechanism is the contribu
through the second mode, while the second mechanism i

FIG. 9. Frequency response of the fundamental pressure wave in the
type resonator for different acceleration amplitudes:A5531024 ~curvesa!,
A5331024 ~curvesb!, A5131024 ~curvesc!, andA50.431024 ~curve
d! at X50.

FIG. 10. The first three harmonic amplitude distributions along the bu
type resonator for the pressure wave~left column! and the velocity wave
~right column! for different acceleration amplitudes:A5531024 ~curves
a!, A5331024 ~curvesb!, A5131024 ~curvesc! at the resonance fre
quencies.
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contribution through the third mode. Since the second h
monic is very close to the third mode, a significant part
contributed through the third mode. These two mechanis
determine the second harmonic, but each contributes wit
different phase, so that they tend to cancel each other.

In Fig. 11 the modal spectrum and the harmonics for t
bulb resonator are shown. The solid lines denote the first
modal frequencies for this resonator. The dashed lines den
the harmonics of the fundamental frequency. As mention
before, the third harmonic is nearly identical to the fift
modal frequency, and the second harmonic is situated
tween the third and fourth mode.

The pressure and velocity waveforms are shown in F
12 for different points along the resonator axis. There are

lb-

-

FIG. 11. Spectrum of the bulb-type resonator~solid lines! and harmonic
frequencies~dashed lines!.

FIG. 12. The shapes of the pressure wave~left column! and the velocity
wave ~right column! at different points along the bulb-type resonator axi
Here,A5531024, V51.7466.
1868Ilinskii et al.: Losses in a resonator
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FIG. 13. Dependence of energy losses~upper plot! and the quality factor
~bottom plot! on the frequency in the bulb-type resonator for different a
celeration amplitudes:A5531024 ~curvesa!, A5331024 ~curvesb!, A
5131024 ~curvesc!, A50.431024 ~curvesd!.

FIG. 14. Dependence of energy losses and the quality factor on the a
tude of the fundamental wave for two types of resonators: for the horn-c
~curvesa! and for the bulb-type resonator~curvesb!. Shapes of both reso
nators are shown on the top:~a! is the horn-cone, and~b! is the bulb-type
resonator.
1869 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
shock fronts in the pressure~left column! or velocity ~right
column! waveforms.

The energy lossesL and quality factor of the resonato
are plotted in Fig. 13. Again, we observe hysteresis
curvesa, b, andc. From comparison of the quality factors o
the three resonators, it is clear that the bulb resonator has
highestQ for a given level of acceleration.

The dependence of the energy lossesL and the quality
factor on the amplitude of the fundamental pressure am
tude is shown for two types of resonators, a horn cone~curve
a! and a bulb~curveb!, in Fig. 14. The shape of the reson
tors is shown as well. We note that the energy losses
about the same, while there is a significant difference inQ.
This example is an illustration of the fact that resonator
ometry can significantly alter the characteristics of the sta
ing wave.

D. Comparison with experiment

The theoretical predictions for the energy losses in
boundary layer show good agreement with experimen
data. Two resonators are chosen to demonstrate this ag
ment, the horn-cone and the bulb resonator. For the par
eter Re0 we use the same value of 400 as proposed by Me
and Thomann.7 In order to determine the value of the param
eter z we matched the predicted energy loss curve in
horn-cone resonator with the measured values of the en
losses. As seen in Fig. 15~a!, a value ofz51.75 provided a
good agreement. This value ofz was then kept constant fo
all other calculations. As shown in Fig. 15~b!, the compari-
son between the calculated and measured results for
bulb-type resonator is very good. The geometry of the re
nators is shown at the top of Fig. 15. For this calculation

-

li-
e
FIG. 15. Comparison of experimental data with the theoretical predicti
for two resonators: the horn cone with the flare~a! and the bulb-type reso-
nator with the flare~b!: energy losses dependence on the amplitude of
fundamental pressure wave for both resonators, equilibrium pressure iP0

540 psi ~absolute!52.72 bar,T05130 °F5327 K.
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swept from low to high acceleration level and at each le
the calculations were done at the resonance frequenc
each resonator.

VI. CONCLUSION

Recently, we have developed a one-dimensional m
ematical model and a numerical scheme to analyze nonli
standing waves in axisymmetric resonators.2 Here, this
model is modified to include the effect of the acous
boundary layer along the resonator wall. The boundary la
introduces energy losses and influences the acoustic fie
the resonator. This influence is included into the model eq
tion by introducing an additional term into the continui
equation to describe the mass flow from the boundary la
into the resonator volume. Calculations of the energy los
and the quality factor of the resonator are included into
numerical scheme. The energy dissipation associated
turbulence is taken into account by a simple eddy visco
model.

Results are shown for three resonator geometries, a
inder, a horn-cone, and a bulb resonator, and for sev
levels of resonator acceleration. Frequency response cu
for the fundamental pressure component and distribution
the harmonic amplitudes of the pressure and velocity w
are shown. The pressure and velocity waveforms calcula
at several positions along the resonator axis are prese
The dependence of the energy losses and the quality fa
1870 J. Acoust. Soc. Am., Vol. 109, No. 5, Pt. 1, May 2001
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on frequency is shown. The pressure waveform in the cy
drical resonator exhibits the typical saw-tooth wavefo
with very limited pressures, while the waveforms for th
horn-cone and bulb resonator are not shocked. Much hig
pressures are attained for the same levels of acceleratio

Finally, the energy losses predicted with this numeri
code are in good agreement with the experimental data
comparison of numerical and experimental results of ene
losses is shown for two resonators, a horn-cone resonator
bulb-type resonator.
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