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In Western music, a musical interval defined by the frequency ratio of two notes is generally
considered consonant when the ratio is composed of small integers. Perfect harmony or an ‘‘ideal
just scale,’’ which has no exact solution, would require the division of an octave into 12 notes, each
of which would be used to create six other consonant intervals. The purpose of this study is to
analyze four well-known historical tunings to evaluate how well each one approximates perfect
harmony. The analysis consists of a general evaluation in which all consonant intervals are given
equal weighting and a specific evaluation for three preludes from Bach’s ‘‘Well-Tempered Clavier,’’
for which intervals are weighted in proportion to the duration of their occurrence. The four tunings,
5-limit just intonation, quarter-comma meantone temperament, well temperament~Werckmeister
III !, and equal temperament, are evaluated by measures of centrality, dispersion, distance, and
dissonance. When all keys and consonant intervals are equally weighted, equal temperament
demonstrates the strongest performance across a variety of measures, although it is not always the
best tuning. Given C as the starting note for each tuning, equal temperament and well temperament
perform strongly for the three ‘‘Well-Tempered Clavier’’ preludes examined. ©2004 Acoustical
Society of America.@DOI: 10.1121/1.1788732#

PACS numbers: 43.75.Bc@SEM# Pages: 2416–2426
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I. INTRODUCTION

In Western music, a musical interval defined by the f
quency ratio of two notes is generally considered pleasin
consonant when the ratio is composed of small integers.
example, an octave has a ratio of 2:1, and two notes
octave apart are often perceived as being essentially the s
note. In addition to unison~1:1 ratio! and the octave~2:1!,
six other musical intervals are generally considered con
nant: perfect fifth, perfect fourth, major and minor thirds, a
major and minor sixths. As discussed by Tenney,1 the mean-
ing of consonance has evolved over time, but despite dif
ent theories about the causes of consonance, there is s
agreement that intervals defined by small integer ratios
the most consonant. Perfect harmony would require the d
sion of an octave into 12 tones, each of which would be u
as the root note for the other consonant intervals that h
the following frequency ratios: 3:2~perfect fifth!, 4:3 ~per-
fect fourth!, 5:4 ~major third!, 6:5 ~minor third!, 5:3 ~major
sixth!, and 8:5~minor sixth!. As described by Hall,2 perfect
harmony or an ‘‘ideal just scale’’ has no exact solution, th
is, there is no set of 12 tones that can exactly meet all
constraints imposed by the small-integer ratios of the con
nant intervals.

The purpose of this study is to analyze four well-know
historical tunings, each of which defines a 12-tone scale
evaluate how well each one approximates perfect harm
Because each tuning includes unison and an octave by
nition, the evaluation focuses on the six other consonant
tervals. The four tunings in this study are particular case
just intonation~JI!, quarter-comma meantone temperam
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~MT!, well temperament~Werckmeister III! ~WT!, and equal
temperament3 ~ET!. These were selected because each
held a prominent place in the evolution of tunings in Weste
music. The analysis consists of two phases: a general ev
ation in which all consonant intervals are given equ
weighting and a specific evaluation for three preludes fr
Bach’s ‘‘Well-Tempered Clavier,’’4 for which intervals are
weighted in proportion to the duration of their occurrence
the music. Recent work on tempered intervals has focuse
the perception of consonance~see, for example, Vos and va
Vianen5!. The analysis reported here uses functions of phy
cal variables, specifically frequencies and spectra, which
correlated with the perceptual variables of pitch and timb
to compare tunings. Such quantitative measures can be
to complement perceptual studies about the consonance
tuning. In several areas, comparisons to the results of per
tual studies have been included here. Previous work by H6

examined the performance of a wide range of tunings w
respect to specific pieces of music using a single meas
ment statistic, while Rasch7 examined a variety of regular8

tunings using three criteria, but without examination of a
specific music. This study extends their work by applying
comprehensive set of evaluation criteria, including the o
used by Hall and Rasch, and by evaluating regular and
regular tunings in the context of both equal and compositi
specific weightings. This analysis also extends the work
Barnes9 on the ‘‘Well-Tempered Clavier’’ to the extent tha
all consonant intervals, not just the major thirds, are exa
ined; however, this study is not intended to justify any sp
cific temperament as the one Bach intended for the ‘‘We
Tempered Clavier.’’ Finally, the analysis includes
quantitative measure of dissonance introduced by Setha10

which is based on the Plomp–Levelt curves11 for perception
04/116(4)/2416/11/$20.00 © 2004 Acoustical Society of America
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TABLE I. Definitions of the intervals in a 12-tone scale relative to the tonic for four historical tunings. Columns~a! and~b! provide the common names an
symbols for the intervals. Columns~c!–~f! provide the frequency ratios that define these intervals for one version of 5-limit just intonation, quarter-c
meantone temperament, well temperament~Werckmeister III!, and equal temperament, respectively.

Interval
name
~a!

Interval
symbol

~b!

5-Limit
just

intonation
~JI!
~c!

Quarter-comma
meantone

temperament
~MT!
~d!

Well
temperament

~Werckmeister
III !

~WT!
~e!

Equal
temperament

~ET!
~f!

Unison p1 1/1 1/1 1/1 1/1

Minor second m2 16/15 2187/20483(80/81)7/4 256/243 21/12/1

Major second M2 9/8 9/83(80/81)2/4 9/831/P2/4 22/12/1

Minor third m3 6/5 32/273(81/80)3/4 32/27 23/12/1

Major third M3 5/4 81/643(80/81)4/4 55/4 81/6431/P3/4 24/12/1

Perfect fourth p4 4/3 4/33(81/80)1/4 4/3 25/12/1

Tritone tt 45/32 729/5123(80/81)6/4 1024/729 26/12/1

Perfect fifth p5 3/2 3/23(80/81)1/4 3/231/P1/4 27/12/1

Minor sixth m6 8/5 6561/40963(80/81)8/4525/16 128/81 28/12/1

Major sixth M6 5/3 27/163(80/81)3/4 27/1631/P3/4 29/12/1

Minor seventh m7 9/5 16/93(81/80)2/4 16/9 210/12/1

Major seventh M7 15/8 243/1283(80/81)5/4 243/12831/P3/4 211/12/1

Octave p8 2/1 2/1 2/1 2/1
where P5
531441/
524288
th
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of pure tones, but which he generalized to account for
harmonic partials of complex tones.

Equal temperament, which divides an octave into
equally spaced half-tones, has been the standard tuning
the 19th Century. However, during the 20th Century, it h
been criticized by proponents of just intonation as a ‘‘mat
of expediency’’ since it simplifies instrument design a
playing techniques~see, for example, Doty12!. This study
demonstrates that equal temperament performs strong
approximating perfect harmony when all keys and all con
nant intervals are given equal weighting compared to
particular cases of the other tunings examined, as well as
the performance of the three ‘‘Well-Tempered Clavier’’ pr
ludes examined. The findings here agree with the result
Rasch13 in demonstrating that equal temperament is an
propriate tuning for the ‘‘Well-Tempered Clavier.’’ Addition
ally, well temperament also performs strongly, especially
the specific ‘‘Well-Tempered Clavier’’ preludes. The resu
for the specific preludes are subject to the selection of C
the starting note for each tuning,

II. FOUR HISTORICAL TUNINGS INCLUDED IN THIS
STUDY

A. 5-Limit just intonation

As defined by Barbour,14 just intonation refers to any
12-note scale that contains some pure fifths and major th
with the ratios given earlier. Probably the earliest example
just intonation is the tuning credited to the Greek mathem
J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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tician and philosopher Pythagoras~6th Century B.C.!.
Pythagorean tuning is based on multiples of the prime nu
bers two and three, but because it does not utilize the num
five, the thirds and sixths do not sound consonant by m
standards. This tuning was popular, nonetheless, up thro
the Middle Ages.

From the 14th to the 16th Centuries, several music th
rists were involved in introducing the use of consonant thi
and, as such, were forced to abandon Pythagorean tun
Many variations of just intonation with some pure fifths a
major thirds have been defined, with one common definit
in terms of frequency ratios shown in Table I, column~c!.15

This particular version of just intonation agrees with wh
Doty12 referred to as the ‘‘harmonic duodene of C.’’ Th
modifier ‘‘5-limit’’ indicates that the number five is the larg
est prime number used as a base number in the frequ
ratios.

Although just intonation was widely accepted by the
rists during the Renaissance, the growth of fixed-pitch ins
ments, such as pipe organs and keyboard instruments, m
that just intonation had limited use in practice. Modulation
other keys produces some very unacceptable intervals.
though the frequency ratios in Table I, column~c!, for the
consonant intervals are based on small integers, modula
to other keys creates ratios as complex as 1024/675.

Efforts were made during the 16th and 17th Centuries
create keyboard instruments with significantly more than
notes per octave in an attempt to achieve the ratios in Ta
I, column~c!, for at least several keys. But these instrume
2417Michael F. Page: Perfect harmony: analysis of four tunings



t,
dy
i

g

tio
th

an
b
an
ea
th
oo

w
n

th
is
by

.
is

on
p
c
m
m
t

fre

tio
in
tiv
in

l
a
c

ve
i

fth
iz

e
er
or
on

s
n

s
ed
-

ents

om
ory
g’’

alf
well
atio

ent
e

s as
r in
to

l of

rs
ual
ar-
en
ther
ee

in
re
an

r-
ute
hat
ses,

ent
in

by

re-
fer-
no,

Hz,
at

nds
ute
he
ess
ow-
the
is-
did not become popular, and the concept of temperamen
altering the tuning of certain notes, took hold. For this stu
an initial tone of C was set at 261.63 Hz and the ratios
Table I, column~c!, were applied to obtain the remainin
notes in a scale. These tones were modulated through
keys and analyzed to determine how close the 72 ra
formed by the six consonant intervals of interest are to
pure ratios for perfect harmony.16

B. Quarter-comma meantone temperament

Despite the interest of theorists in just intonation, me
tone temperament, first introduced in the early 1400s,
came the predominant method of tuning during the 16th
17th Centuries. In meantone, the major thirds of Pythagor
tuning are made more consonant by a slight tempering of
perfect fifths. In addition, the tone located between the r
note ~say C! and the higher note in the major third~E! is
positioned at the mean of the interval. This results in t
tones~C–D and D–E! of equal size, whereas just intonatio
has tones of different sizes.

There are many ways to accomplish meantone, but
predominant method, quarter-comma meantone, was dev
by Pietro Aaron in 1523. Each perfect fifth is reduced
one-quarter of a syntonic comma.17 Then other tones are
constructed by adding fifths together~multiplying their re-
spective ratios!, which after four fifths yields a major third
This process is continued until all but one of the fifths
tempered. The result is eight pure major thirds, but also
wide fifth, known as a ‘‘wolf’’ interval because of its shar
sound. The frequency ratios used to construct a 12-tone s
in quarter-comma meantone are shown in Table I, colu
~d!. The complete set of frequency ratios for quarter-com
meantone temperament with each note used in turn as
root note was also calculated for comparison to the
quency ratios for perfect harmony.

C. Well temperament „Werckmeister III …

As composers started to make greater use of modula
in a single composition, the existence of wolf intervals
quarter-comma meantone made this tuning less attrac
This led to the development of well temperaments, includ
the popular Werckmeister III~c. 1691! named after its inven-
tor, Andreas Werckmeister. In this temperament, the goa
to keep the fifths and thirds as close to just intonation
possible, while spreading out the wolf intervals. This is a
complished by spreading the Pythagorean comma,18 the dif-
ference between twelve perfect fifths and seven octa
across four intervals. As a result, the wolf intervals are elim
nated, the major thirds are sharper, four of the perfect fi
have been flattened, and there are once again different s
tones.

In well temperament, all the keys are usable, but th
sound different due to the different size of the tones. Diff
ent keys are thought to correspond to different ‘‘colors’’
moods. The frequency ratios used to construct a 12-t
scale in well temperament~Werckmeister III! are shown in
Table I, column~e!. The complete set of frequency ratio
with each note used in turn as the root note was also fou
2418 J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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Barnes9 analyzed the suitability of Werckmeister III a
the temperament intended by Bach for the ‘‘Well-Temper
Clavier,’’ concluding that the piece was written for a tem
perament similar to that tuning and that such temperam
are suitable for its performance. However, Rasch13 pointed
out deficiencies in Barnes’ methodology and concluded fr
an analysis of late 17th and early 18th century music the
that equal temperament is a ‘‘particularly appropriate tunin
for the ‘‘Well-Tempered Clavier.’’

D. Equal temperament

Equal temperament, defined by equally spaced h
tones, gradually took over as the standard, replacing the
temperaments during the 19th Century. The frequency r
between any two adjacent notes is 21/12:1. The frequency
ratios used to construct a 12-tone scale in equal temperam
are shown in Table I, column~f!. These values remain th
same when the notes are modulated to other keys.

Although equal temperament appeared in reference
far back as the 16th Century, it was not adopted soone
part because it was difficult to tune keyboard instruments
equal temperament. There continues to be a schoo
thought that equal temperament is a poor compromise~see
Doty12!, since it does not use any ratio with small intege
except for the octave. However, this study found that eq
temperament performs strongly in approximating perfect h
mony when all keys and all consonant intervals are giv
equal weighting compared to the particular cases of the o
tunings examined and also performs well for the thr
‘‘Well-Tempered Clavier’’ preludes examined.

III. GENERAL EVALUATION OF FOUR TUNINGS

A. Data

The frequency ratios given for each of the tunings
Table I and for perfect harmony in the introduction we
converted into cents. One cent is defined as 1/1200 of
octave and, therefore, a ratio,r, is equivalent tox cents,
where x51200 log2 r. The deviation between perfect ha
mony and each tuning is shown in Table II, with the absol
deviation being the absolute value of the data given in t
table. Because each scale consists of 12 fixed pitch clas
no distinction is made between enharmonically equival
intervals, and keys are referred to by the labels given
Table II.

Just noticeable differences in frequency are explained
Hall19 based on the work by Wier, Jesteadt, and Green20 and
Harris21 that characterized the sensitivity to changes in f
quency for pure tones as a function of loudness and a re
ence frequency. For much of the frequency range of a pia
the just noticeable difference for pure tones is about 1
and for complex waveforms, it may be as little as 0.1 Hz
low frequencies. Discrimination between two tones depe
on multiple factors, such as the choice of interval, absol
pitch level, tone duration, and the musical training of t
listener. A rough rule of thumb states that differences of l
than five cents are generally considered imperceptible. H
ever, Hall reports that under certain conditions, such as in
case of a well-trained musician listening deliberately for m
Michael F. Page: Perfect harmony: analysis of four tunings



val cre

.06
.00

1.06

.06
38

.38

5.64
.00

5.64

3.69
.96

5.64
TABLE II. Deviations between perfect harmony and four tunings, measured in cents. Each value represents the difference in the size of the interated
by a specific tuning~e.g., just intonation! and the interval defined as perfect harmony. For each tuning, the deviations are found for 72 intervals~six consonant
intervals of interest times 12 keys!.

Key
C C# D Eb E F F# G G# A Bb B

Just intonation~JI!
m3 0.00 241.06 221.51 241.06 0.00 0.00 221.51 0.00 241.06 0.00 221.51 0.00
M3 0.00 0.00 0.00 0.00 41.06 0.00 41.06 0.00 0.00 41.06 0.00 41
p4 0.00 219.55 0.00 0.00 0.00 21.51 0.00 0.00 0.00 21.51 0.00 0
p5 0.00 0.00 221.51 0.00 0.00 0.00 19.55 0.00 0.00 0.00 221.51 0.00
m6 0.00 241.06 0.00 241.06 0.00 0.00 0.00 0.00 241.06 0.00 241.06 0.00
M6 0.00 21.51 0.00 0.00 41.06 21.51 41.06 0.00 0.00 21.51 0.00 4

Meantone temperament~MT!
m3 25.38 25.38 25.38 246.44 25.38 246.44 25.38 25.38 25.38 25.38 246.44 25.38
M3 0.00 41.06 0.00 0.00 0.00 0.00 41.06 0.00 41.06 0.00 0.00 41
p4 5.38 5.38 5.38 235.68 5.38 5.38 5.38 5.38 5.38 5.38 5.38 5.
p5 25.38 25.38 25.38 25.38 25.38 25.38 25.38 25.38 35.68 25.38 25.38 25.38
m6 241.06 0.00 0.00 241.06 0.00 241.06 0.00 0.00 0.00 0.00 241.06 0.00
M6 5.38 46.44 5.38 5.38 5.38 5.38 46.44 5.38 46.44 5.38 5.38 5

Well temperament~WT!
m3 221.51 215.64 29.78 221.51 29.78 221.51 215.64 215.64 215.64 23.91 221.51 215.64
M3 3.91 21.51 9.78 15.64 15.64 3.91 21.51 9.78 21.51 15.64 9.78 1
p4 0.00 0.00 5.87 0.00 0.00 0.00 5.87 5.87 0.00 5.87 0.00 0
p5 25.87 0.00 25.87 0.00 0.00 0.00 0.00 25.87 0.00 0.00 0.00 25.87
m6 221.51 215.64 29.78 215.64 23.91 221.51 29.78 215.64 215.64 23.91 221.51 29.78
M6 3.91 21.51 15.64 21.51 15.64 9.78 21.51 9.78 21.51 15.64 15.64 1

Equal temperament~ET!
m3 215.64 215.64 215.64 215.64 215.64 215.64 215.64 215.64 215.64 215.64 215.64 215.64
M3 13.69 13.69 13.69 13.69 13.69 13.69 13.69 13.69 13.69 13.69 13.69 1
p4 1.96 1.96 1.96 1.96 1.96 1.96 1.96 1.96 1.96 1.96 1.96 1
p5 21.96 21.96 21.96 21.96 21.96 21.96 21.96 21.96 21.96 21.96 21.96 21.96
m6 213.69 213.69 213.69 213.69 213.69 213.69 213.69 213.69 213.69 213.69 213.69 213.69
M6 15.64 15.64 15.64 15.64 15.64 15.64 15.64 15.64 15.64 15.64 15.64 1
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tuning, the ear may be much more discriminating. Percep
studies such as performed by Vos22 provide validation for
this observation. In Vos’ study, musically trained subje
were asked to rate tempered fifths and major thirds in te
of ‘‘purity,’’ where differences in purity ratings imply dis-
crimination between notes. For comparisons between to
that each contained 20 harmonics, the mean subjective p
ratings for temperings of62 cents with a tone duration o
0.5 s were statistically significantly different from the me
ratings for zero tempering.

Beyond the issue of whether a difference is noticeabl
whether it is tolerable in terms of pleasant sounding. T
amount of mistuning that is tolerated depends on the func
of the mistuned tone within the local tonal hierarchy and
direction of the interval in the case of melody. Deviations
10–20 cents are common in actual performances, since w
and string instruments, for example, easily vary by su
amounts. Such deviations generally do not correlate wit
perception of roughness or dissonance, whereas devia
greater than 25–30 cents tend to be unpleasant sounding
difficult to use in practice. Vos22 reported that the strong
difference in subjective purity ratings between pure and te
pered intervals could be mainly attributed to the occurre
of beats or roughness.

Although just intonation and meantone have a la
number of zero entries in Table II, these two tunings also
susceptible to large deviations, which limit the intervals a
J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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keys that can be played. Well temperament is successfu
eliminating the wolf tones for which meantone was cri
cized, and similarly, equal temperament is characterized
moderate, rather than extreme, deviations from pure con
nance.

B. Analysis and results

1. Measures of central tendency and dispersion

A statistical summary of the absolute values of the d
in Table II shows how well each tuning performs. Th
smaller the absolute deviations, the closer a tuning is to
fect harmony. Two measures of central tendency and th
measures of variability for the absolute deviations from p
fect harmony are given in Table III.

Well temperament and equal temperament have
smallest means, that is, are closest to perfect harmony
average. Just intonation has a median of zero, which is
smallest of all the tunings. In this application, the me
seems a more useful measure than the median, since i
plicitly incorporates very large deviations which would ten
to be unpleasant sounding.

The results in Table III for the mean absolute deviatio
for meantone and equal temperament agree with those
sented by Rasch7 in his Table VI as the ‘‘mean tempering o
a tuning.’’ The methodology used in this study allows as w
2419Michael F. Page: Perfect harmony: analysis of four tunings
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for the calculation of this parameter for irregular tuning
including just intonation and well temperament.

Of greater interest are the measures of variability, wh
show how far each tuning deviates from perfect harmo
The variance and range of the absolute deviations sho
trend of decreasing variability across the centuries, fr
meantone to well temperament to equal temperament, co
sponding to the oldest to newest standard.23 The interquartile
range, which measures the difference between the 25th
75th percentiles, shows the opposite trend, reflecting tha
middle of the data for well temperament and equal tempe
ment is more disperse. The zero interquartile range for me
tone reflects that over half the data values were equal to 5
the value of the median. Just intonation has the largest in
quartile range.

A graphical representation in a box-whisker plot, sho
in Fig. 1, illustrates the wider variability for just intonatio
and meantone temperament. The ends of the ‘‘box’’ cor
spond to the 25th and 75th percentiles, with a line drawn
the 50th percentile, i.e., the median. The ‘‘whiskers’’ or lin
at the ends of the figure correspond to the 2.5th and 97
percentiles, thereby capturing 95% of the data between th
values. The graphs show how compact well temperam
and equal temperament are overall, even though they h

TABLE III. Measures of central tendency and dispersion for absolute
viations from perfect harmony. Two measures of central tendency, the m
and median, and three measures of dispersion, the variance, range
interquartile range, are shown. Equal temperament performs as well
better than the other tunings for three of the five parameters.

Measures

Absolute deviations

JI MT WT ET

Mean 11.51 12.41 10.43 10.43
Median 0 5.38 9.78 13.69
Variance 270.09 264.42 60.74 36.53
Range 41.06 46.44 21.51 13.69
Interquartile
range

21.51 0 11.73 13.69

FIG. 1. Box-whisker plots of the absolute deviations of the tunings fr
perfect harmony. Each plot depicts the 2.5th, 25th, 50th, 75th, and 97
percentiles for one of the tunings, just intonation~JI!, meantone tempera
ment ~MT!, well temperament~WT!, and equal temperament~ET!. Only
meantone has extreme points, designated by circles. Well temperamen
equal temperament have less overall spread than just intonation and m
tone temperament.
2420 J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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large interquartile ranges. The plot also shows extre
points, values that are more than 3.0 times the interqua
range from the 25th and 75th percentiles. Only meant
temperament has such extreme points.

Another view of the variability of each tuning is pro
vided by an examination of the mean absolute deviati
from perfect harmony by key. The results are subject to
selection of C as the starting note for each tuning. As sho
in Fig. 2, just intonation and meantone are close to per
harmony for C and nearby keys, arranged in order based
fifths, but have the most extreme deviations for distant ke
On the other hand, equal temperament does not vary by
and well temperament exhibits modest variation. These
terns of variability between keys underlie the results d
played in the box-whisker plots of Fig. 1.

Of the five measures considered in this section, two
them—the mean and variance—are explicit functions of
deviations. These seem the best suited of the measures
sidered here to summarize the performance of the tun
since they account for large deviations, which tend to
unpleasant sounding. For both these measures, equal
perament is as good as or better than the other tunings,
well temperament also performing strongly.

2. Distance measures

The second stage of the analysis is based on calcula
the distance between each of the four tunings and per
harmony. Six different distance matrices, Euclidean, Che
shev, City Block, Canberra, Minkowski, and Correlation d
tances, are used to determine whether the results will
invariant to the choice of metric. Each of the distance metr
is an explicit function of all deviations, including the large
ones. The definitions of the distance metrics and the res
are provided in Table IV.

The distance results are consistent across the six m
sures. Equal temperament is closer to perfect harmony
any other tuning for five of the six distance measures a
tied with well temperament on the sixth measure. Well te
perament also performs strongly across all six measures

Two of the distance measures in Table IV are com
rable to two other measures reported by Rasch.7 The qua-
dratic mean tempering of a tuning used by Rasch is a c
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FIG. 2. Mean absolute deviations by key. The mean absolute devia
between each tuning and perfect harmony by key, as well as for the ov
tuning, is displayed for each tuning. Just intonation and meantone per
the best for C and nearby keys, whereas equal temperament and well
perament exhibit less overall variability and better performance for dis
keys.
Michael F. Page: Perfect harmony: analysis of four tunings
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TABLE IV. Distances between four tunings and perfect harmony. The names and general definitions of the distance metrics are given in the first twos;
xri is the value in cents of thei th interval of ther th tuning andxsi is the associated value for perfect harmony. The remaining columns show the a
distances between perfect harmony and just intonation~JI!, quarter-comma meantone temperament~MT!, well temperament~Werckmeister III! ~WT!, and
equal temperament~ET!, respectively. The Canberra and Correlation distances are unitless, while the other metrics are in cents.

Measures Definition JI MT WT ET

Euclidean
distance drs5A(

i
~xri 2xsi!

2 170.27 173.57 110.46 102.27

Chebyshev
distance

d rs5max
i

uxri2xsiu 41.06 46.44 21.51 15.64

City block
distance

drs5(
i

uxri2xsiu 828.99 893.51 750.78 750.78

Canberra
distance drs5(

i

uxri2xsiu
xri1xsi

0.8311 0.8882 0.7612 0.7610

Minkowski
distance
~with wi51
andl53)

drs5S(
i

wiuxri2xsiulD1/l

102.71 107.77 60.32 53.55

Correlation
distance d rs512

( i~xri 2 x̄r !~xsi2 x̄s!

A( i~xri 2 x̄r !
2~xsi2 x̄s!

2
0.0021 0.0022 0.0009 0.0008
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stantc times the Euclidean distance, where the constan
the number of intervals in the calculation raised to the ne
tive one-half power@c5(72)21/2#. Also, the maximum tem-
pering of a tuning equals the Chebyshev distance betw
each tuning and perfect harmony. The generalized dista
definitions provided here simplify the calculations for irreg
lar tunings.

Figure 3 provides a graphical representation of the d
in Table IV as star plots to highlight the differences betwe
the tunings. Each star plot consists of six spokes, each
responding to one of the distance metrics. For a given sp
the maximum value in Table IV for a particular distan
metric is plotted at the extreme end of a spoke and all o

FIG. 3. Star plots of six distance measures. Six metrics, Euclidean, Ch
shev, City Block, Canberra, Minkowski, and Correlation, are used to m
sure the distance between a tuning and perfect harmony. The largest
for a metric is used to scale the plot on the corresponding spoke of the
plot. The star plot for equal temperament has the smallest area, which m
it is the closest to perfect harmony on these measures. The plot for
temperament also has a relatively small area compared to just intonatio
meantone.
J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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values for that metric are plotted proportionately. The s
plot for equal temperament has the smallest area, show
that it is the closest to perfect harmony on these dista
measures. The star plot for well temperament also has a
tively small area compared to just intonation and meant
temperament.

The distance measures were also examined by key,
the overall patterns for each tuning closely resembling t
shown in Fig. 2 for the mean absolute deviations.

3. Measure of dissonance

As explained by Sethares,24 the concept of sensory con
sonance implies that consonance and dissonance depen
just on the interval between tones, but also on the spectr
the tones, which correlate with timber. The roughness
tonal dissonance experienced for two simultaneou
sounded complex tones can be accounted for by interfe
harmonics. The relationship between a perception of ‘‘imp
rity’’ and interfering harmonics is consistent with the prima
findings of the perceptual experiments conducted by Vos22

Based on the work of Plomp and Levelt11 for pure tones,
Sethares10 developed a model for measuring the dissona
of two complex tones with base frequenciesf and a f , as
follows:

D5DF1DaF1(
i 51

n

(
j 51

n

d~ f i ,a f j ,n i ,n j !, ~1!

where f i anda f i are the partials of the two tones,n i are the
amplitudes of the partials, andDF and DaF are the disso-
nances for each tone calculated from its own partials, wi

DF51/2(
i 51

n

(
j 51

n

d~ f i , f j ,n i ,n j !, ~2!

d~ f i , f j ,n i ,n j !5n in j~e23.5s~ f i2 f j !2e5.75s~ f i2 f j !!, ~3!
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0.021f i119
, ~4!

and f i, f j . Sethares created dissonance curves by lettina
vary continuously over an interval such as 1<a<2. In this
analysis,a assumes the values associated with the conso
intervals in Table I. Then a measure of dissonance for the
consonant intervals in Table II is found by summation a
can be compared to the mean absolute deviation for the s
72 intervals. Since the measure of dissonance,D, depends on
actual frequencies, not just the ratio of frequencies, its va
will change for notes within different octaves. The calcu
tions are performed by setting C equal to a frequency
261.63 Hz. Two sets of amplitudes are used in the analy
~1! following the analysis of Sethares,10 amplitudes are set to
fall at a rate of 0.88, and~2! as suggested by Doty12 as
typical of many common types of musical tones, amplitud
are decreased in direct proportion to their ordinal num
~for example, the second harmonic has one-half the am
tude of the first!. In both cases,n56 harmonic partials are
used, similar to the analyses of Sethares.

A comparable measure of dissonance is also found
the perfect harmony intervals, and then the results for e
tuning are calculated as a ratio of the dissonance for
tuning compared to the dissonance for perfect harmony. W
this dissonance ratio measure, 1.0 equals perfect harm
and values closer to 1.0 indicate a tuning is closer to per
harmony.

The results for the four tunings, presented in Table
indicate the strongest performances are associated with
intonation and equal temperament and the weakest
meantone temperament. Compared to the earlier ana
based strictly on frequencies, rather than the spectra,
intonation is viewed as more consonant and well tempe
ment as less so. However, overall there is little differen
between the four tunings due to the added complexity in
duced by the interfering harmonics.

To examine the differences by key, Fig. 4 displays
dissonance ratio by key with the amplitudes based on 1/n. As
before, the results for the measure of dissonance are su
to the selection of C as the starting note for each tuning.
general pattern by key is similar for the other set of amp
tudes considered. Many similarities between Figs. 2 an
are apparent. For example, just intonation and mean t
perament again perform best for the key of C and nea
keys and reach their most extreme values for distant k

TABLE V. Dissonance ratios based on a model of sensory consonance.
different sets of amplitudes were used for the harmonic partials of the
complex tones in an interval. These were incorporated into Eq.~1! to obtain
an absolute dissonance measure for each tuning, summed across t
intervals of Table II. Each dissonance measure was then normalize
forming the ratio of the absolute dissonance to the corresponding disson
level for perfect harmony.

Amplitudes

Dissonance ratios

JI MT WT ET

Based on 0.88 1.143 1.179 1.164 1.158
Based on 1/n 1.086 1.108 1.087 1.081
2422 J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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Similarly, equal temperament and meantone exhibit less v
ability than the other two tunings. However, they show co
siderably more variability than in Fig. 2 because of the d
pendence of the dissonance measure on the abs
frequencies. Equal temperament, in particular, has a vari
dissonance ratio, unlike its mean absolute deviation, si
the dissonance ratio is a function of the frequencies of
tones in an interval and the beats measured by their dif
ence. Also, although in general the measure of dissonanc
a given tuning decreases as the frequency increases, th
not the trend for the ratio of the dissonance of a tuning to t
of perfect harmony. Nonetheless, the similarity between F
2 and 4 indicates that the simple measure of mean abso
deviation provides a reasonable approximation to the dis
nance ratio based on a perceptual model. Several of the
tance measures discussed earlier also provide a close
proximation, but the strongest relationship based
correlation measures exists between the dissonance ratio
the mean absolute deviation.

In this section, the four historical tunings have be
compared to perfect harmony by means of a dissona
model derived from the results of perceptual experime
conducted by Plomp and Levelt. In this way, the dissona
measure provides an assessment of the tunings that m
closely reflects human perception of consonance and di
nance and in particular accounts for the roughness assoc
with interfering harmonics. The later perceptual experime
conducted by Vos22 found that the primary factor that differ
entiated the ratings of pure and tempered intervals was
presence of beats or roughness and that deletion of harm
interference resulted in higher ratings. Although his resea
asked subjects to judge purity of tempered intervals, V
noted that it is reasonable to assume that purity and co
nance are comparable concepts. Additionally, an examina
of the intervals in this study that were also examined by V
~namely the fifths and major thirds corresponding to t
regular tunings of equal temperament and meantone, as
as perfect harmony! indicates a similarity of results. The co
relation coefficient between the measures of dissonance
the subjective impurity ratings for these intervals, as repor
in Vos,25 is 0.83. As tempering increases, the intervals ha

wo
o

72
by
ce

FIG. 4. Dissonance ratios by key. The dissonance ratio measure for
tuning compared to perfect harmony is displayed by key, as well as for
overall tuning. Just intonation and meantone perform the best for C
nearby keys, whereas equal temperament and well temperament exhib
overall variability and better performance for distant keys. The performa
pattern is similar to that of Fig. 2, indicating that the mean absolute de
tion based on frequencies is in reasonable agreement with the disson
ratio based on the spectra analyzed.
Michael F. Page: Perfect harmony: analysis of four tunings
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TABLE VI. Weights for the consonant intervals appearing in three Bach preludes. For each piece of music, the number of beats for each of the
intervals was counted and classified by root note. The counts of beats were converted into weights by scaling each count by the total number of
piece of music. The cells with a value of zero correspond to intervals that do not occur in the music.

Key

Prelude 1, C Major
C C# D Eb E F F# G G# A Bb B Total

m3 0.004 0 0.048 0 0.060 0.015 0.004 0.019 0 0.023 0 0.047 0.22
M3 0.130 0 0.008 0 0 0.035 0 0.035 0.004 0 0 0 0.214
p4 0.017 0 0.033 0 0.029 0 0 0.033 0 0.013 0 0.005 0.13
p5 0.079 0 0.027 0 0 0.021 0 0.081 0 0.004 0 0 0.213
m6 0 0 0 0 0.050 0 0 0.015 0 0 0 0.023 0.088
M6 0.029 0 0.013 0.004 0 0.021 0 0.042 0.019 0.004 0.004 0 0.13
Total 0.260 0 0.129 0.004 0.140 0.092 0.004 0.225 0.023 0.044 0.004 0.075 1.

Prelude 3, C# Major
C C# D Eb E F F# G G# A Bb B Total

m3 0.023 0.002 0.007 0.058 0 0.106 0.005 0 0.005 0 0.016 0 0.22
M3 0 0.062 0 0.005 0.005 0 0.032 0 0.039 0.005 0 0.005 0.15
p4 0.005 0.018 0 0.044 0 0.005 0.005 0 0.079 0 0.014 0 0.16
p5 0.002 0.088 0 0.012 0 0 0.009 0 0.025 0 0.009 0.005 0.15
m6 0.035 0 0.005 0.007 0 0.072 0 0 0 0 0.023 0 0.141
M6 0.002 0.044 0 0.030 0.002 0 0.030 0 0.039 0 0.002 0.016 0.16
Total 0.067 0.215 0.012 0.155 0.007 0.182 0.081 0 0.187 0.005 0.065 0.025 1.

Prelude 5, D Major
C C# D Eb E F F# G G# A Bb B Total

m3 0 0.018 0.035 0.003 0.027 0 0.083 0.012 0.038 0.005 0 0.029 0.2
M3 0.002 0 0.065 0 0 0.002 0.002 0.011 0 0.051 0.002 0.002 0.13
p4 0 0 0.002 0 0.027 0 0.002 0 0 0.119 0 0.002 0.151
p5 0 0 0.066 0 0.006 0 0.006 0.011 0 0.080 0.002 0.003 0.17
m6 0 0.008 0.002 0.002 0 0 0.060 0 0.009 0.041 0.002 0.002 0.12
M6 0.002 0 0.042 0 0.018 0.026 0 0.023 0 0.044 0.003 0.011 0.16
Total 0.003 0.026 0.211 0.005 0.079 0.027 0.153 0.056 0.047 0.340 0.008 0.047 1.
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larger dissonance measures, with major thirds having la
dissonance measures than fifths. However, the major th
are less sensitive to large temperings than are the fif
which is consistent with how equal temperament treats th
two intervals. The dissonance measures for the fifths ten
follow an exponential curve, as modeled by Vos, both wh
examined across a tuning and for each key separately. Fu
work with perceptual experiments that incorporate more t
regular tunings and additional intervals would be useful
comparison with modeled results.

IV. SPECIFIC EVALUATION OF TUNINGS BASED ON
THREE PRELUDES

The analysis presented in Sec. III provides a gene
characterization of the performance of the four tunings us
a variety of quantitative measures. Hall2 argued that objec-
tive measurement of how well a tuning performs should
calculated with respect to specific pieces of music. Sinc
given piece will not likely include all consonant intervals
equal proportion, the performance of a tuning will vary fro
that described in the general case. This section presen
analysis for three preludes from Bach’s ‘‘Well-Temper
Clavier’’ for which intervals are weighted in proportion t
the duration of their occurrence in the music.

A. Data

Data were collected for three pieces from the ‘‘We
Tempered Clavier, Book I:’’ Prelude 1, C Major; Prelude
C# Major; and Prelude 5, D Major. When the notes in
J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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chromatic scale are arranged in order based on fifths, t
stand as: Eb Bb F C G D A E B F# C# G#.Therefore, even
though C, C#, and D are adjacent tones in a single scal
and D are central keys, while C# is a peripheral key.

For each piece of music, the number of beats for each
the consonant intervals~m3, M3, p4, p5, m6, and M6! was
counted and classified by root note. For example, in Prel
1, perfect fifths occur for a duration of 51 equivalent bea
19 of which have C as the root note. Chords were separ
into their component two-note intervals. The counts of be
were converted into weights by scaling each count by
total number of beats for a piece of music. The result
weights for the three preludes are given in Table VI. T
cells with a value of zero correspond to intervals that do
occur in the music. This method of weights differs from th
of Hall2 in that the duration, not just the occurrence, of
interval is used to determine the weight.

A review of the pattern of zeros, as well as the rows a
columns labeled ‘‘Total’’ in Table VI, indicates that all inter
vals do not appear in approximately equal proportion. F
example, in Prelude 3, only 1.2% of all consonant interv
have D as a root note, compared to 21.5% for the tonic
Although Barnes9 argues that intervals should occur more
less often according to their tuning quality, this seems
restrictive, as a piece written for equal temperament sho
not be expected to have intervals based on all notes appe
equal proportion. Charts of duration versus the absolute
viations from perfect harmony do show that intervals w
large absolute deviations tend to be correlated with sm
2423Michael F. Page: Perfect harmony: analysis of four tunings
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durations; however, some intervals with small or zero ab
lute deviations are also associated with small durations.

Finally, the weights in Table VI were combined with th
absolute deviations derived from Table II to create perf
mance measurements discussed in the next section. One
tation of this analysis is the need to assume a particular
as the starting point for each tuning, in this case the key o
This choice of disposition necessarily impacts the resu
Therefore, the results reported here are illustrative and wo
not necessarily be the same if another disposition were
lected.

B. Analysis and results

1. Measures of central tendency and dispersion

Two measures of central tendency and dispersion for
weighted absolute deviations between each tuning and
fect harmony for the three Bach preludes are included
Table VII. Because of the similarity of results between me
sures, only a subset of the measures discussed in Se
appears in this and the following section. The ones sele
are explicit functions of all deviations. Table VII also in
cludes the values for the overall tuning for comparison, w
each interval given equal weight in the calculations.

The weighted mean of the absolute deviations dem
strates the variability in meantone temperament betw
pieces. Although meantone performs well for the C ma
and D major preludes, the frequent occurrence in the
prelude of minor and major thirds and sixths with large a
solute deviations from perfect harmony contribute to
large mean for that piece. Meantone temperament has
been proposed as a likely tuning for the ‘‘Well-Temper

TABLE VII. Weighted measures of central tendency, dispersion, and
tance for the absolute deviations from perfect harmony for three Bach
ludes and the overall tuning. The weights in Table VI are applied to
absolute deviations to obtain weighted measures for the preludes. E
weights of 1/72 are used for the overall tuning. Overall, just intonation
meantone temperament exhibit the most variability between different pi
of music, whereas well temperament and equal temperament are more
and more moderate in size of deviations.

Measures Tuning/prelude

Absolute deviations

JI MT WT ET

Weighted mean C Major prelude 2.51 5.30 7.57 10.
C# Major prelude 10.16 29.23 14.21 10.7
D Major prelude 14.81 4.36 9.73 10.6

Tuning 11.51 12.41 10.43 10.43

Weighted variance C Major prelude 128.75 120.73 33.81 37
C# Major prelude 268.09 622.53 110.15 36.5
D Major prelude 239.56 83.85 30.50 37.3

Tuning 270.09 264.42 60.74 36.5

Weighted Euclidean C Major prelude 7.35 9.91 9.11 12
distance C# Major prelude 19.22 34.55 17.25 12.

D Major prelude 21.17 6.17 11.17 12.3
Tuning 20.07 20.46 13.02 12.05

Weighted Chebyshev C Major prelude 21.51 46.44 21.51 15
distance C# Major prelude 41.06 46.44 21.51 15.

D Major prelude 41.06 46.44 21.51 15.6
Tuning 41.06 46.44 21.51 15.64
2424 J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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Clavier,’’ and the weighted mean absolute deviation suppo
that position. Just intonation, as defined in Table I, perfor
well for the C major prelude, but is the worst of the fo
tunings for the D major prelude. Well temperament and eq
temperament demonstrate strong consistency from piec
piece. Although they are not always the best tuning, a
equal temperament is sometimes the worst, both perf
well across the different preludes.

Although Rasch7 does not analyze specific pieces of m
sic, he introduces a weighting scheme based on the circl
fifths to determine the mean tempering of keys. Mean te
pering is equivalent to the mean absolute deviations repo
here. Based on a simplified view of the relative importan
of intervals within a key, Rasch concludes that for meanto
the key of C major has the smallest mean tempering and
for the central keys of F, C, G, and D major, meantone tun
is the best tuning of the regular tunings considered. T
analysis of the three preludes from the ‘‘Well-Tempered C
vier,’’ which is based on weights derived from the mus
shows that meantone performed slightly better for D ma
than C major, but considerably worse for C#, a periphe
key. Since Rasch’s results are based on a simplified assu
tion on weights, small differences in findings such as
ported here should be expected based on individual mu
Also, just intonation outperformed meantone in the key of
indicating how an irregular tuning may be closer to perfe
harmony for some pieces.

Table VII also presents a measure of dispersion,
weighted variance for the absolute deviations from perf
harmony for the three preludes and overall tuning. Meant
temperament performs poorly for the C# major prelude, a
just intonation demonstrates considerably more variabi
than equal temperament. Both well temperament and e
temperament perform the best on this measure across
preludes. The results in this section depend on the in
selection of C as the starting note for each tuning and
applicable to the particular version of just intonation defin
in Table I.

2. Distance measures

Two distance measures for the three preludes and
overall tuning are included in Table VII. The values for th
Euclidean distance for the overall tuning differ from the r
sults in Sec. III by the constantc5(72)21/2 and equal the
root mean square reported by Rasch,7 while the Chebyshev
distance equals his maximum tempering of a tuning. Ad
tionally, the Euclidean distance metric used for the prelu
equals the square root of the goodness-of-fit measure use
Hall.2

The weighted Euclidean distance between each tun
and perfect harmony shows similar patterns to those fo
for the weighted mean and variance. All four tunings p
form well for the C major prelude, while well temperame
and equal temperament continue to perform best across
pieces. The pattern for the Chebyshev distance differs fr
that of the other statistics. The maximum absolute deviat
differs from that of the overall tuning only if intervals ass
ciated with the maximum value never appear in the piece
music. This occurs only once—for the C major prelude.
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this case, the minor and major thirds and sixths with an
solute deviation from perfect harmony of 41.06 for just int
nation do not appear.

The analysis of the three preludes has shown that th
can be considerable variability in the measures of cen
tendency, dispersion, and distance for a given tuning ac
different pieces, as well as between tunings for a sing
piece. Perceptual experiments have also found this to be
case when musically trained subjects rate performance
different musical pieces, such as in the experiments c
ducted by Vos.25 In that study, subjects were presented w
musical fragments according to one of seven regular tun
~including equal temperament, meantone temperament,
perfect harmony! and asked to rate their acceptability. Vo
determined through multiple regression that acceptability
highly correlated with the subjective purity ratings of is
lated fifths and major thirds, suggesting that the acceptab
ratings reflected a judgment of consonance. An analysi
variance of the experimental data revealed that mean acc
ability ratings differ as a function of the tuning, the music
fragment, and the individual subjects, as well as interacti
between them. When averaged across fragments and
jects, the mean acceptability ratings were about the same
tunings with between 0 and25.4 cents deviations from per
fect harmony for fifths~which includes equal temperamen
meantone, and perfect harmony!. However, the main effec
of musical fragments was related to the mean absolute t
pering, and a strong correlation was found between m
absolute tempering and overall acceptability. These res
suggest that the mean absolute deviations~which are equiva-
lent to mean absolute tempering! provide a reasonable ap
proximation to perceptual ratings of consonance.

V. CONCLUSION

The general evaluation of the four historical tunings u
ing measures of central tendency, measures of disper
distance measures, and a dissonance ratio support the
clusion that equal temperament performs strongly in appr
mating perfect harmony when all keys and all conson
intervals are given equal weighting compared to the part
lar cases of 5-limit just intonation, quarter-comma meanto
temperament, and well temperament~Werckmeister III! ana-
lyzed.

Additionally, both equal temperament and well tempe
ment provide the most consistently strong performance
tunings for three preludes from Bach’s ‘‘Well-Tempered C
vier.’’ The findings here agree with the results of Rasc13

who demonstrated that equal temperament is an approp
tuning for the ‘‘Well-Tempered Clavier’’ based on eviden
from German music theory. The analysis here is not inten
to justify any specific temperament as the one Bach inten
for this piece, but rather to use quantitative measuremen
performance compared to perfect harmony to judge the s
ability of these tunings. The results for the specific prelud
are subject to the selection of C as the starting note for e
tuning.

The measures of central tendency, dispersion, dista
and dissonance used in both the general and composi
specific analyses can be readily applied to other tunings
J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
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other pieces of music to evaluate both relative and abso
performance. These measures include ones that are eq
lent to those defined by Rasch7 for regular tunings and by
Hall2 for specific pieces of music. As presented here, th
measures can be readily interpreted as measuring centr
and variability of a tuning compared to the standard of p
fect harmony, as well as overall distance from pure con
nance. The mean absolute deviation appears to be the
sure best correlated with the dissonance ratio that refl
sensory dissonance, as well as with the results of percep
studies of subjective acceptability. Comparing the mean
solute deviation with the results of perceptual experime
for both regular and irregular tunings should be conside
for further research.

ACKNOWLEDGMENTS

The author would like to acknowledge Judith Pag
Stephen McAdams, and two anonymous reviewers for th
insightful comments and suggestions.

1J. Tenney,A History of ‘‘Consonance’’ and ‘‘Dissonance’’~Excelsior Mu-
sic, New York, 1988!.

2D. E. Hall, ‘‘Quantitative evaluation of musical scale tunings,’’ Am.
Phys.42, 543–552~1974!.

3The term ‘‘temperament’’ is used to describe a scale for which the
quency ratios deviate from simple small integer ratios. Intervals associ
with such a scale are referred to as tempered intervals, in contrast to
intervals. The general term ‘‘tunings’’ is used here to include tempe
ments.

4J. S. Bach,The Well-Tempered Clavier, Reprint with corrections and ex
planation of ornaments by Saul Novack~Dover, Toronto, 1983!.

5J. Vos and B. G. van Vianen, ‘‘Thresholds for discrimination between p
and tempered intervals: the relevance of nearly coinciding harmonics
Acoust. Soc. Am.77, 176–187~1985!.

6D. E. Hall, ‘‘The objective measurement of goodness-of-fit for tunings a
temperaments,’’ J. Music Theory17, 274–290~1973!.

7R. A. Rasch, ‘‘Description of regular twelve-tone musical tunings,’’
Acoust. Soc. Am.73, 1023–1035~1983!.

8Rasch~1983! defines regular tunings as ones that have 11 fifths with
same amount of tempering~which may be no tempering!.

9J. Barnes, ‘‘Bach’s keyboard temperament,’’ Early Music7, 236–249
~1979!.

10W. A. Sethares, ‘‘Local consonance and the relationship between tim
and scale,’’ J. Acoust. Soc. Am.94, 1218–1228~1993!.

11R. Plomp and W. J. M. Levelt, ‘‘Tonal consonance and critical ban
width,’’ J. Acoust. Soc. Am.38, 548–560~1965!.

12D. B. Doty, The Just Intonation Primer, 3rd ed. ~The Just Intonation
Network, San Francisco, 2002!.

13R. Rasch, ‘‘Does ‘well-tempered’ mean ‘equal-tempered’?’’ inBach, Han-
del, Scarlatti Tercentenary Essays, edited by P. Williams~Cambridge Uni-
versity Press, Cambridge, 1985!, pp. 293–310.

14J. M. Barbour,Tuning and Temperament: A Historical Survey~Michigan
State College Press, East Lansing, 1951!.

15The ratios, when multiplied times an arbitrary frequency selected for
tonic, produce the frequencies for the notes in the scale. Because co
nance is defined by frequency ratios, rather than absolute frequen
Table I focuses on the intervals relative to the tonic associated with e
tuning.

16Although proponents of just intonation can create a large number of p
tones by means of programmable synthesizers, this study uses only t
tones defined for just intonation by Table I in order to compare 12-n
tuning methods.

17The term comma refers to a small interval that usually arises due to
different methods of determining a tone or interval. The syntonic com
is the difference between a major third in Pythagorean tuning, which
a ratio of 81/64, and a major third in 5-limit just intonation, which has
ratio of 5/4. This difference is the interval 81/80. The difference betwe
2425Michael F. Page: Perfect harmony: analysis of four tunings



as

s

r-

use

ng
two ratios is calculated as one ratio divided by the other. In this c
~81/64!/~5/4! yields (81/64)3(64/80)581/80.

18The Pythagorean comma is calculated as (3/2)12/275531441/524288.
19D. E. Hall, Musical Acoustics~Brooks/Cole, Pacific Grove, CA, 2002!.
20C. C. Wier, W. Jesteadt, and D. M. Green, ‘‘Frequency discrimination a

function of frequency and sensation level,’’ J. Acoust. Soc. Am.61, 178–
1845 ~1977!.

21J. D. Harris, ‘‘Pitch discrimination,’’ J. Acoust. Soc. Am.24, 750–755
~1952!.
2426 J. Acoust. Soc. Am., Vol. 116, No. 4, Pt. 1, October 2004
e,

a

22J. Vos, ‘‘Purity ratings of tempered fifths and major thirds,’’ Music Pe
cept.3, 221–258~1986!.

23Just intonation was popular with theorists but was never in widespread
as a standard tuning.

24W. A. Sethares,Tuning, Timbre, Spectrum, Scale~Springer, London,
1998!.

25J. Vos, ‘‘Subjective acceptability of various regular twelve-tone tuni
systems in two-part musical fragments,’’ J. Acoust. Soc. Am.83, 2383–
2392 ~1988!.
Michael F. Page: Perfect harmony: analysis of four tunings


	I. INTRODUCTION
	II. FOUR HISTORICAL TUNINGS INCLUDED IN THIS STUDY
	III. GENERAL EVALUATION OF FOUR TUNINGS
	IV. SPECIFIC EVALUATION OF TUNINGS BASED ON THREE PRELUDES
	V. CONCLUSION
	ACKNOWLEDGMENTS

